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Théan guri cadc em hoc sinh,
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PHAN SO HOC

ICHUYEN BE 1. HAM SO LUQNG GIAC, PHUONG TRINH
LUOQNG GIAC

A. Ly thuyét
1. Giai cac phwong trinh dang bac nhat a.sinx + b.cosx = c.

Phuong phap:
Budc 1: Kiém tra néu a? +b? <c? thi phuong trinh v6 nghiém.

Budc 2: Kiém tra néu % thi chia ca hai vé phuong trinh cho va? +b?

= Bién d6i vé trai st dung cong thire khai trién sin/ cos cua mot tong
=>» phuong trinh lugng giac co ban.
2. Giai cac phwong trinh dang bic nhat a.(sinx + cosx) + b.sinx.cosx + ¢ = 0.
Phuong phap:
Budc 1: Batt = sinx + cosx , [t| < V2
Budc 2: Bién doi sinx. cosx theo t rdi thay vao phuongtrinh
=> Bién d6i va giai phuong trinh tim ra t .giai phuong trinh co ban dé tim ra x.
3. Giai cac phwong trinh dang bac 2 di véi sin, cos:
a.sin®x + b.sinx.cosx +¢.cos’x = 0

Phuong phap:

Budc 1: Kiém tra cosx = 0-c6.1a nghiém cua phuong trinh

Budc 2: Néu cosx = 0.khdng 1a nghiém thi chia ca hai vé cua phuong trinh cho
c0s? x, phuong trinh trg.thanh:

atan?x +b.tanx +¢ =0

=> Giai phuong trinh bac hai d6i véi tanx

3.Chay
sinx=1 N x:%+k2n, (keR)
sinx=-1 o Xx= —% +k2m, (keR)
cosx=0 > x:%+kn, (keR)
cosx=1 —  x=Kk2m, (keR)
cosx =-1 —  x=n+k2m, (keR)
B. Bai tap

Dang 1. Phwong trinh co ban
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Bai 1. Giai cac phuong trinh co ban sau

a) cos(x—%]:1 ) Zﬁsinizxgnj:Z

2

. 9200 = _
b) sin(3x-20°)=-1 ) tan(3x+gj.cot(5x+l)=0

c) tan( §+Z) =1
2 4 k) tan(2x-15°)-1=0

d) sin(x+ %) =0
2 ) sin2x=cos(x—2—;j
e) cot2x =-+/3

T
X o A2 m) tan(3X+E].(coszx—1)=o n)
f) cos(§+60 )_—7

n) sin(2x-1)=sin(3x+1) o)
9) sin(x—45°):c032x

h) sin [2x+£j = cos(x —E)
3 3

Bai 2. Giai cac phuong trinh co ban sau

0) cos3x:—§
4

a) 2sin(x-30°)=+2 e) Scot(3—n—xj+\/§=0
2
b) ﬁtan(2x+g)=—3 f) 4tan(5x-1)+6=0
g) _lsinz_ﬂ:
C) sin(3x+gj—cos(x+2—;)=o 2 3 3

h) 2\/§cos[3x+fj—3=0
d) 6cos(4x+g)+3ﬁ=0 3

i) cosx. [2sin(x —30%) + +/3]=0
Bai 3. Tim nghiém cua phuong trinh sau trong khoang da cho

. 1
a) sm2x=—§ Vol 0<XxX<Tm b) COS(X_ngg VOl —m<X<m
c) tan(2x —150):1 voi —180° < x < 90° d) cot3x = — = véi - T <x <0
J3 2

Dang 2. Phwong trinh bac nhat d6i véi ham lweng giac
Bai 1. Giai cac phuong trinh dang a.sinx + b.cosx = ¢ dudi day
a) sinx+cosx=1 f) 3cosx+4sinx=-5
b) 3cos2x—4sin2x =1 g) 2sin2x—2cos2x=+/2
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0 2sinx—2cosx =2 h) 5sin2x—6cos? x =13
d) 3sinx+4cosx=5 1) sinx=+/3cosx

e) 3sin(x+1)+4cos(x+1)=5

Bai 2. Giai cac phuong trinh sau
a) 3sinx+4cosx=5 d) 2sin2x—2cos2x =—/2

b) v3cosx—sinx=+/2 e) sin2x+sin2x:%

C) cos2x+9cosx+5=0

Dang 3. Phwong trinh bac hai di véi ham lweng giac
Bai 1. Giai cac phuong trinh sau
C0S3X+sin3x

a) 5| sinx+ _
1+ 2sin2x

) =3+ 00S2X c)..cos” 3X.c0s2x-cos’x =0

b) cos4x+sin“x+cos(x-%j.sin(x—%)—g:0 d) 4.sinxcosx+3sin’x = 6sin x

Bai 2. Giai cac phuong trinh sau

a) sin’3x—cos?4x = sin®5x —cos*6x c) sinz[g—%jtanz x—coszgzo

b) tan (% xj + 2tan(2x+%j =2 d) 5.sinx-2=3(1-sinx).tan*

Bai 3. Giai cac phuwong trinh sau

cosx(23inx+3\/§) —2cos?x—1
=1

a) Zsin:%x—_i:20031’>x+L C) -
sinx COSX 1+sin2x

b) cos X.CO8 % .c03 > —sinx.sini.sin% = 1 d) 4cos’ X +3/2 5in 2x = 8¢os X
2 2 2 2 2
Bai 4. Giai cac phuong trinh sau

a) cos(2x+%j+cos[2x-%j+ 4sinx =2++/2 (1-sinx)

b) 3cot?x+22sin?x = (2+3\/§)cosx

4sin® 2x +6sin® x —9—3C0s2X _
COSX

0

c)

Bai 5. Cho f(X) =sinx+%sin3x+§sin 5x. Hay giai phuong trinh f'(x)=0.
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Bai 6. Giai cac phuong trinh sau

. 5X . X i
a) sin— =5cos’ x.sin— c) sin2x(cot x + tan 2x) =4cos’ x

b) 2c032%+1=3cos5 d) tan®| x—Z | =tanx-1
5 5 4

Bai 7. Giai cac phuong trinh sau

sin® 2x + cos” 2x

a) T T
tan| = —x |tan| =+ x
4 4
12
cos*x sin?x

= cos*4x

b) 48— (1+cot2x.cotx)=0

. . 5
¢) sin® x+cos’x = 2(sin' x+cosx) +ZCOSZX

COS2X

d) cotx—1= +sin2x—lsin2x
1+tanx

Bai 8. Giai cac phuong trinh sau

a) sin2x+2tanx=3 C) cot x —tanx+4sin2x=
sin2x

b) (1-tanx)(1+sin2x)=1+tanx d) sin4x =tanx

[CHUYEN PE 2. TO HOP VA XAC SUAT
Dang 1. Bai toan dém véi quy tic cong, quy tic nhan
A. Ly thuyét
1. Quy tac cdng
Mot cong.viée.ndo do co thé duoc thuc hién theo k phuong an khac nhau ma

mdi phuong an co sd cach thuc hién lan luot 1a ny, ny, ..., Nk. Néu cac phuong an 1a
doc lap vai nhau tac 1a khdng ¢ cach thuc hién ndo xuat hién trong hai phuong 4n
tré 1€n thi cdng viéc d6 ¢c6 n=ny + nz + .. + ni cach thuc hién.
2. Quy tic nhan

Mot cong viéc nao d6 cé thé dugc thuc hién lan luot qua k giai doan dé hoan
thanh. Néu giai doan thir i c6 n; cach thuc hién va ang véi mdi giai doan sau d6 co
ni+1 cach thuc hién thi cdng viéc d6 c¢6 n = n1.nz...nk cach thuc hién.
3. Hoan vi

Cho tap hop gdm n phan tir, n 1a s nguyén duong, mdi cach xép n phan ti nay
theo maot thi tu nao d6 goi 1a mot hoan vi caa n phan tu.
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S6 céc hoan vi cua n phan ta 12 Py = n!
4. Chinh hop
Cho tap hop A gom n phan tir, n 1a s6 nguyén dwong. Tir @6, chon ra k phan tu

sao cho k 1 s6 nguyén duong khong 16n hon n, déng thoi sap k phan tr d6 theo thi
tu. Mdi cach chon nhu trén goi la chinh hop chap k caa n phan tir. S6 chinh hop
chap k caa n phan tu:

k_nl

" (n-k)!

5. T6 hop
Cho tap A gom n phan tir, n 1a s6 nguyén duong. Mdi tap con gdm K phan tir
cua A, k 1a s6 nguyén duong khong 16n hon n, duoc goi 1a mot to hoprehap k caa n
phan tir. S6 c4c t6 hop chap k cua n phan ta:
ck n!
" k!(n-k)!

B. Bai tap
Bai 1. Mot trudng phd thdng ¢ 12 hoc sinh.chuyén Tin va 18 hoc sinh chuyén Toan.
Thanh 1ap mot doan gém hai ngudi sao che.cé6 mot hoc sinh chuyén Toan va mét hoc
sinh chuyén Tin. Hoi c6 bao nhiéu cach lap.mot doan nhu trén ?
Bai 2. Tur cac s6 1,2,3,4,5,6,7,8.

a) CO bao nhiéu sd ty nhién'gdm 6 chir s6 doi mot khac nhau ?

b) C6 bao nhiéu sé gom 5 chir s6 d6i mot khac nhau va chia hét cho 5 ?

c) CO thé lap bao-nhiéu s chian gom 5 chit s6 khac nhau lay tir cac chit so:

0,2,3,6,97?

d) C6 bao nhiéuséchan cé 4 chit s6 d6i mot khac nhau ?
Bai 3. Tir cac $6 0,1,2,3,4,5.

a) Ca bao nhiéu sé ¢ ba chir s6 khac nhau chia hét cho 5 ?

b) C6 baonhiéu sb co 3 chir sé khéac nhau chia hét cho 9 ?
Bai 4. Dé thi triac nghiém cd 10 cau hoi. Hoc sinh can chon tra 1oi 8 cAu.

a) Hoi c6 may cach chon tuy y ?

b) Hoi c6 may cach chon néu 3 cau dau la bat bugc ?

c) Hoi c6 bao nhiéu cach chon 4 trong 5 cau dau va 4 trong 5 cau sau?
Bai 5. Mot t6 c6 12 hoc sinh. Thay gido c6 3 dé kiém tra khac nhau. Can chon 4 hoc
sinh cho méi dé kiém tra. Hoi c6 may cach chon ?
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Bai 6. C6 5 tem thu khac nhau va 6 bi thu khac nhau. Nguoi ta mudn chon tir d6 ra 3
tem thu va 3 bi thu va dan 3 tem thu 1én 3 bi thu da chon. Méi bi thu chi dan 1 tem.
Hoi c6 bao nhiéu cach lam nhu thé ?
Bai 7. Mot 16p ¢6 20 hoc sinh trong d6 ¢6 2 can bd I6p. Hoi ¢6 bao nhiéu cach chon 3
nguoi di du Hoi nghi sao cho trong d6 ¢6 it nhat 1 can bo 16p ?
Bai 8. C6 5 nha Toan hoc nam, 3 nha Toan hoc nir va 4 nha Vat ly. Muén I1ap mot
doan cong tac c6 3 ngudi gom ca nam 1an nix, can ¢d nha Toan hoc 13n Vat ly. Hoi c6
bao nhiéu cach chon ?
Bai 9. Mot doi Van Nghé gém 10 nguoi trong dé c¢6 6 nit, 4 nam. C4 bao nhiéu cach
chia doi van ngh¢:

a) Thanh hai nhém c6 sé nguoi bang nhau va mdi nhém c¢é sé nit bang nhau ?

b) Co bao nhiéu cach chon 5 nguoi trong d6 khong qua mot nam ?
Bai 10. Co hai duong thang song song di va d. Trén di lay/15 diém-phan biét, trén d,
lay 9 diém phan biét. Hoi c6 bao nhiéu tam giic ma c6 3«dinh la cac diém da lay ?
Bai 11. Trong mét hop ¢6 7 qua cau xanh, 5 qua can.do va 4 qua cau vang, cac qua
cau déu khac nhau. Chon ngiu nhién 4 qua cau trong hop:Hoi c¢é bao nhiéu cach chon:

a) Trong 4 qua cau chon ra c¢6 du ca ba mau ?

b) Trong 4 qua cau chon ra khong co'diba mau ?
Bai 12. Mot doi thanh nién tinh nguyén c¢6:15 ngudi gdm 12 nam va 3 nit. Hoi ¢ bao
nhiéu cach phan cong doi thanh nién.tinh nguyén d6 vé gitip d& ba tinh mién ndi sao
cho mdi tinh ¢6 4 nam va 1 niz?
Bai 13. Trong mot mén hoe, thay. gido c¢6 30 cau hoi khac nhau gom 5 cau hoi khé, 10
cau trung binh va 15 cau d&. T 30 cau hoi do6 1ap dugc bao nhiéu dé kiém tra, mdi dé
gom 5 cau hoi khac.nhal sao cho trong mdi dé nhat thiét phai c6 du 3 loai cau hoi va
s6 cau hoi dé khong it hon 2 ?
Bai 14. Doi TNXK.ctia mot trudng cd 12 hoc sinh, gdm 5 hoc sinh 16p A ; 4 hoc sinh
I6p B : 3 hoc sinh 16p C. Can chon 4 hoc sinh 1am nhiém vu sao cho 4 hoc sinh nay
thuoc khéng-qua 2 trong 3 16p trén. Hoi cd bao nhiéu cach chon nhu vay ?
Bai 15. Doi tuyén hoc sinh gioi gdm 18 em gom 7 hoc sinh khdi 12, 6 hoc sinh khéi
11 va 5 hoc sinh khdi 10. Ctr 8 em di du trai hé sao cho mdi khdi ¢ it nhat 1 em. Hoi
c6 bao nhiéu cach cu nhu vay ?
Bai 16. Mot da tiéc c6 10 nam va 6 nit biét khiéu vii. Hoi ¢ bao nhiéu cach chon ra 3
nam va 3 nir dé ghép thanh 3 cip nhay ?
Bai 17. Bill Gate c6 5 nguoi ban than.Ong muén mai 5 trong sé ho di choi xa .Trong
11 ngudi nay c6 2 ngudi khdng mudn gap mat nhau. Hoi ngai ty phi ¢ bao nhiéu
cach moi ?

Casestudy24h.com | It’s never too late to study | 093 2697 054 Page 5



Bai tap téng hop - Toan 11 Date: / |/

Bai 18. Mot doi thanh nién tinh nguyén c6 15 ngudi gdm 12 nam va 3 nit. Hoi ¢ bao
nhiéu cach phan cong doi tinh nguyén d6 vé 3 tinh mién ndi sao cho mdi tinh déu c6 4
namva 1 nir ?
Bai 19. Tu thanh phd A dén thanh phd B ¢6 3 con dudng, tir thanh phé B dén thanh
phd C ¢6 2 con dudng, tir thanh phd C dén thanh phd D ¢6 2 con dudng, tir thanh phd
A dén C c6 4 con duong. Khong c6 con duong nao ndi truc tiép thanh phd B véi D
hoic ndi A dén D. S6 dudng di khac nhau tir thanh phd A d¢én D la

A. 32 B. 20 C. 36 C. 48
Bai 20. S6 cac s6 tu nhién nhd hon 200000, chia hét cho 3, c6 thé dugc viét boi cac
chirs6 0, 1,2 1a

A.N =162 B.N =144 C.N =216 DN =243
Bai 21. Turcac chirs6 0, 1,2, 3, 4, 5, 6 cO thé lap dugc sb cac sb/gdm 3 chir sb 1a
A.N =250 B. N =268 C.N=294 D. N =300

Bai 22. Turcac chirsd 0, 1, 2, 3, 4, 5, 6 ¢6 thé lap dugc s6 cac'sé.gom 5 chir sb d6i mot
khac nhau va chia hét cho 2 1a

A. N =1080 B. N =1260 C.N=1120 D. 1320
Bai 23. Turcac chirsd 0, 1, 2, 3, 4, 5, 6 ¢6 thé 1ap dugc s cac s6 gom 6 chir s6 d6i mot
khéac nhau va chia hét cho 5 la

A. 1320 B. 1440 C. 1280 D. 2560
Bai 24. C6 20 d6i bong da tham gia tranh eup vo dich ngoai hang Anh. Cur 2 doi phai
d4u véi nhau 2 tran gdm mot tran luot di va mot tran luot v&. Sau mdi vong thi mdi doi
dd d4 thém mot tran. S tran va sé vong lan luot 12

A.380va 19 B. 380 va 38 C.190va 19 D. 190 va 38
Bai 25. S6 palindrom 1&'s6 )ma néu ta viét cac chir sé theo thtr ty nguoc lai thi gia tri
ctia n6 khong thay d@6i. Vi du: 12521 13 mét s panlindrom. C6 bao nhiéu sb palindrom
gom 5 chir $6?

A. N =1800 B. N = 2400 C.N =900 D.N=1200
Bai 26. Mot hoa gom c¢6 5 bong hong tring, 6 bong hong do va 7 béng hong vang.
Hoi c6 may céach chon lay 3 bdng hoa gom da ba mau?

A.N=120 B. N =240 C.N =320 D.N=210
Bai 27. T c4c chir sé 1, 2, 3, 4, 5 ¢6 thé lap duoc sb cac s6 ¢ 3 chir sb doi mot khac
nhau la

A.N =60 B.N=30 C.N=125 D.N=25
Bai 28. Turcacchirs6 0, 1, 2, 3, 4,5, 6 ¢6 thé lap duoc s6 cac s6 chin cd 3 chir s6 1a
A.N =144 B. N =105 C.N =248 D.N =168
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Bai 29. Tir céc chir s6 0, 1, 2, 3, 4, 5, 6 ¢0 thé lap dugc s6 cac sd ¢o hai chir s6 ma ca
hai chit s6 déu chan 1a

A.N=20 B.N=12 C.N=16 D.N=25
Bai 30. S céc sb ¢d 3 chir s6 d6i mot khac nhau chia hét choca 2 vas la
A.N=72 B. N =36 C.N=81 D.N=90

Bai 31. Mot ngudi ¢6 7 cai 4o trong d6 ¢ 3 4o trang va 5 céi ca vat trong d6 ¢ 2 ca
vat mau vang. S& cach chon mot 4o va mot ca vat sao cho dd chon 4o trang thi khdng
chon ca vat mau vang la
A.N=35 B.N=18 C.N=29 D.N=31
Bai 32. Cho tap hop A = {1, 2, 3, 4, 5}. C6 bao nhiéu cap sap thir tu (x,y) biét x vay
déu thudc A.
A.N=15 B.N=20 C.N=25 D. N=10
Bai 33. Cho tap hop A = {1, 2, 3, 4, 5}. C6 bao nhiéu cip sip thir tu-(X, y) thoa man x
vay thuéc A sao cho x +y = 6.
A.N=5 B.N=6 C.N=7 D.N=8
Bai 34. S6 cac sb o 2 chir s6 ma chir s6 dung trude 1én hon chir s6 dung sau 1a
A.N=50 B.N=30 C.N=65 D.N =45
Bai 35. Tir 6 chirs6 1, 2, 3, 4, 5, 6 ¢d thé lap.duoc 6 cac sé 1é gom 2 chir s6 13
A.N=15 B.N=18 C.N=36 D.N=30
Bai 36. Tir 6 chit s6 1, 2, 3, 4, 5, 6°¢6 thé'lap dugc sb cac sé6 gom 3 chir s6 doi mot
khac nhau khong chia hét cho 5 1a
A.N =108 B.N=121 C.N =100 D.N=120
Bai 37. Tur 6 chit s6 1,2, 3,4,'5, 6 ¢6 thé lap duoc s céc sb c6 3 chir sé ma tong cac
chir s6 bing sb chin la
A.N =108 B.N =50 C.N =100 D.N =128
Bai 38. Tur 6 chir'sé.1, 2, 3, 4, 5, 6 ¢6 thé 1ap duoc s6 cac sb ¢6 2 chir sb khac nhau va
chia hét cho 9 Ia
A.N=6 B.N=12 C.N=8 D.N=4
Bai 39. T 0, 1, 2, 3, 4, 5 ¢ thé lap duoc sb cac s6 ¢ 3 chir s& doi mot khac nhau va
khong chia hét cho 5 la
A.N =64 B.N=30 C.N=48 D.N=120
Bai 40. T 0, 1, 2, 3, 4, 5 ¢6 thé lap dugc sé cac sb chin c6 3 chir s6 doi mot khac
nhau va nho hon 300 la
A.N =40 B.N=20 C.N=24 D.N =36
Bai 41. T cac chit s6 1, 2, 3, 4, 5, 6 cd thé 1ap duoc s cac s6 ¢6 3 chir sb d6i mot
khac nhau I6n hon 300 va nhé hon 500 1a
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A.N=32 B. N =40 C.N=26 D.N =44
Bai 42. S6 céch sap xép 4 vién bi d6 co6 danh dau khac nhau va 4 vién bi den c6 danh

dau khéac nhau xép thanh mot day sao cho cdc mau xen k& nhau 1a

A.N=1152 B. N = 1440 C.N=1280 D. N =1960

Dang 2. Bai toan rut gon, giai phwong trinh
Bai 1. Rt gon cac biéu thuc sau

A=PP[ P P 5= ALtA; c=\As A A A
P, (PP, PP, Al P,—2P,
1w 1 5 1
= I:)n+:|. +Cfs+2C165+CI5 E — gce' 28 C8 %015 F: Ag_Aé + P5
A:: I:)n-k C:177 PSAg PZ I:)2
Bai 2. Chirng minh
Q) L= ta ) A HATL=KAT,,
Pn Pn-l Pn-2
b) PkA§+1A§+3A§+5 = n'k!Ai+5 d) CE N Cg-k
Bai 3. Giai cac phuong trinh va bit phuong trinh sau
a) Px?-P3.x=8 g) Al+C?=14n
b) 2A2+50=A2 ,xeN h) Al—2C*=3A2
3 2 x—1
) A +C,=14C, i) 2C2,+3A2<30
7
1 2 3
d) C+Ci+Ci=_x D fa—ar<8ciiag
2 X
2
e) C>3<-1 - C>2<-1:§A>2<-2 9] —X!_ (x-1! = 1
(x+1)! 6
R e
Cx C><+1 6C><+4
Bai 4. Giai bit phuongtrinh Foa 15
n* n+2 F)n—l
Bai 5. Giai h¢ phuong trinh:
2AY +5C =90 5CY% =3C) , ,
a) b) c) C,, =20C;
5AY —2C’ =80 c/=c)?
. . . iy C: Ck Cr s
Bai 6. Két qua rat gon bieuthac A= C +2=2+..+ k=" +..+n—L- la
Cn n C;
A.n(n+1)/2 B.n(n+1) C.n(n+2)/3 D.n(n-1)/3

Casestudy24h.com | It’s never too late to study | 093 2697 054

Page 8



Bai tap téng hop - Toan 11 Date: / |/
Bai 7. Giai phuong trinh 1 1.1
cr ¢
A x=1 B.x=2 C.x=3 D.x=4

Bai 8. Giai phuong trinh C;* =C27°

A X=8ux=6B.x=10ux=8 C.x=8ux=14 D.x=6ux=14

Bai 9. Tim s6 ty nhién x thoa man A2 , +C*2 =101

A.x=10 B.x=12 C.x=6
Bai 10. Tim s6 tu nhién x théa CX** =5A°%
A x=8ux=16 B.x=9ux=17 C.x=17
Bai 11. S6 nghiém cua bat phuong trinh C! , —C2 , < gAﬁz la
A 4 B.5 C.6
Bai 12. Giai phuong trinh C7+2C}, =7(x - 1)
A X=5 B.x=4 C.x=3
Bai 13. Giai phuong trinh A =336.C5
A x=17 B.x=8 C.x=9
Bai 14. S gia tri nguyén dwong cta n thoa.4.C! , ~4.C*  <5A2, la
A0 B.6 C.7
Bai 15. S6 gia tri nguyén duong ctia x théa'2.C2 , +3.A% <30 la
A0 B2 C.1
. . 5C/, =6.Cr"
Bai 16. Giai hé phuong trinh X X
¢y, =3C)"
A (X y)=(9;4) B.(xy)=(9;5) C.(x;y)=(8;9)

2AY +5C) =90

Bai 17. Giai h¢ phuong trinh
5AY +2C) =80

A. (X y)=(5; 4) B.(xy)=(6;3) C.(xy)=(6;2)
Bai 18. Tim s6 tu nhién n théa A® = 20.n

A.n=5 B.n=6 C.n=10
Bai 19. Tim s tu nhién n thoa A +5A% = 2(n + 15)

A n=2 B.n=4 C.n=3
Bai 20. Tim s6 tu nhién n thoa A% —3A% =42

A.n=10 B.n=8 C.n=6

Bai 21. Tim s nguyén duong n sao cho 2P, +6A2 —P. A% =12

D.

D.

D.

X=8

x;y)=(8;3)

X y)=(5;2)

.n=12
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A.n=2un=3 B.n=3un=4 C.n=4un=5 D.n=2un=4

4
Bai 22. So cac gia tri nguyén duong cua n thoa man h—jpﬂ <0la

n+2 n-1

A. 36 B.35 C.33 D. 30

Dang 3. Nhi thiec Newton

10
N N A A 5 A ’ . + R 1
Bai 1. Tim hé so cua so hang thir tu trong khai trién (X + —j
X

40
Bai 2. Tim hé s caa sb hang thi 31 trong khai trién (x+i2)
X

7
Bai 3. Tim hang ttr chira x? cta khai trién: («3/x‘2 + x)
Bai 4. Tim hang tr khdng chira x trong cac khai trién sau:
X 3 12 1 7
a | —+— b RX+ -~
(3 xJ (I Yx J
Bai 5. Tim hé s cua x*2y™3 trong khai trién caa (2x ~3y)?

10
Bai 6. Tim hang tt ding giita trong khai trién (Siﬁ/;j

ox

21
Bai 7. Trong khai trién (3 % + %J . Tim hé sé cua sé hang chira a va b ¢6 s6 mii
\/ \} a

bang nhau ?

Bai 8. Biét khai trién (xz +%jn. Tong cac hé sé cua s6 hang tha nhat, hai, ba 1a 46.
Tim s6 hang khong.chtra x ?

Bai 9. Cho biét tong ba hé s6 cua ba sé hang dau tién trong khai trién (xz —%jn 12 97.

Tim hang tt caa khai trién chia x*?

hang thtr ba trong khai trién 12 5. Tim s6 hang chinh giira ?
Bai 11. Cho khai trién (X3 +£2)“ =C2(x*)" +........ +C! (32)”. Biét tong ba hé s dau
X X

1a 33. Tim hé s6 cua x2
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Bai 12. Tim sb hang chtra x8 trong khai trién (%+«/X_5) . Biét rang
X

Cri-Cr =7(n+3).
Bai 13. Tim hé s6 cua X7 trong khai trién (2 - 3x)", trong d6 n thoa méan hé thuc sau:
Cry+C 4 +C2M =1024

Bai 14. Giai phuong trinh sau: C2 +C; +...+C2" =2%" -1
Bai 15. Tim hé so cua so hang chira x%° trong khai trién (—4— x7j biét n thoa man hé
X

thac C;,,, +C2 , +C3  +.+ G =27 -1,
Bai 16. Tim hé s6 cua s6 hang chaa X0 khi khai trién (2+x)" biét;
3'CO - 3"C! 1 3"2C% 4.+ (—1)"C" = 2048
-28\"
Bai 17. ChoC! +C"™* +C"? = 79. Trong khai trién nhi thfrc[x%/?+ x“‘} , hay tim s6

hang khéng phu thudc vao x ?

Bai 18. Tim hé s6 cua s6 hang chaa x* trong khailtrién nhi thac (—4+ x7j , biet
X

tong C,,,, +C2 ., +..+Cp ., =27 =1,
Bai 19. Tim h¢ s6 cuia x* trong khai trién biéu thirc A=(1-x —3x2)n. Trong d6 n 1 s
nguyén duong théa man: 2(C; +C3 +C; +...+C? ) =3A%,
Bai 20. Tong céc hé sé.trongkhai trién nhi thirc f(x) chinh 1a f(1).
Cho f(x) = (1+X) P =8, +a,x +8,X% +...+ 8
a) Tinh-a,,
b) S=a,+a +a,+...+8,,
¢c) M=1a +2a,+...+100.a,,,

Bai 21. Tim sb hang khong chtra x trong khai trién caa A = (x — 2/x4)5.

A. 1820 B. -1820 C. 3640 D. -3640
Bai 22. Tim sb hang khong chtra x trong khai trién caa B = (x2 — 2/x)*2.

A. 126720 B.-126720 C. 7920 D.-7920
Bai 23. Tim hé s6 cua x%y? trong khai trién caa P = (2x + 3y)’.

A. 11520 B. 12510 C. 15120 D. 12150
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Bai 24. Khai trién va rt gon da thac P(X) = (1 + X) + (1 + X)2+ (L + X3 + ... + (1 +
X)1? s& dugc da thic P(X) = 8 + aiX + X2 + ... + ax'2. Hé s ag la

A. ag = 256 B. as = 286 C. a9 =320 D. ag =132
Bai 25. Cho da thic P(X) = (1 + X) + 2(1 + X)2+ 3(1 + X)3 + ... + 20(1 + X)? = a, + a1x
+ X2 + aaxd + ... + axx?. Xac dinh hé s6 ass.

A. 3254 B. 3549 C. 4179 D. 4569
Bai 26. Trong khai trién P(x) = (3 — 2x)?°, hdy tinh tong cac hé s6 cua da thirc P(x).

A. 3% B. 2% C.-1 D.1
Bai 27. Trong khai trién caa nhi thirc (a2 + b3)™®, tim cac sé hang chua a, b vai s6 mil
gidng nhau.

A. 5005.a%h°® B. 1010.a%°b*° C. 5005.a%p18 D:1010:a°0°

Bai 28. Tim s6 hang thtr 4 trong khai trién (1/x2 — x3/2)*2 theo thtr tu. 6 mil ting dan
cua bién.
A. (99/4)x ! B. (-99/4)x . C. (99/4)x D. (~99/4)x

Bai 29. Tim s6 hang doc 1ap véi x trong khai trién (Jx4 1)
X

A. 1820 B. 1280 C. 2180 D. 2810
Bai 30. S6 s6 hang chtra X véi s6 mil ty nhién-trong khai trién (x+%)13 la
X
A.2 B.3 C.5 D.4

Bai 31. Biét tong cac hé s6 cua-khai trien (3 — x2)" bang 1024. Hé s6 caa s6 hang chaa
x2 trong khai trién d6 la

A.-17010 B. 17010 C.-153090 D. 153090
Bai 32. Tinh tong S ='C%.C%, + C.,C, + C3CL, +...+ C,CY,

A. 74236 B. 74362 C. 74613 D. 24671
Bai 33. Tinh tong'S.= (C2)? +(CL)? +(C2)? +...+(C))?

A. 39432 B. 43758 C. 36730 D. 48620

Dang 4. Bién c6 va Xéac suat bién cé
A. LY thuyét

1. Khai niém

Khoéng gian mau Q 1a tap hop tat ca két qua cd thé xay ra caa mot phép thir.

Bién cb A la tap hop con caa Q

Hai bién c6 xung khéc néu giao caa ching la tap rong

Hai bién cb 1a doc lap néu sy xay ra bién c6 nay khdng anh huong dén su xay ra
bién ¢ kia.
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n(A)
n(<)

Trong d6 n(A) 1a sé phan tir ciia A, n(Q) 13 s phan tir cua Q.
2. Tinh chat

0<PA)<1

P(A N B)=P(A) . P(B) néu 2 bién cé A, B doc lap nhau.

X&c suat cua bién cd A la P(A) =

B. Bai tap
Bai 1. Gieo mét con slc sic can dbi ddng chat hai 1an. Tinh xac suét tich s6 chdm hai
lan 1a s le.

A.P=1/3 B.P=1/2 C.P=1/4 D.P=1/5
Bai 2. Mot tli chira 6 vién bi trang va 5 vién bi xanh. Lay ra 4 vién bi tir tdi, Xac suat
lay duoc 4 vién bi cing mau la

A.P=1/33 B.P=2/33 C.Pp=1/11 D.P=2/11
Bai 3. Sap xép ngau nhién 5 ban hoc sinh A, B, C, Dy E ngoi vao mot chiéc ghé dai co
5 chd ngdi. Xéc suat dé hai ban A va E ngdi canh nhau 1

A.P=1/5 B.P=1/4 C.P=2/5 D.P=3/10
Bai 4. Gieo hai con slc sic can dbi dong‘chat. Tinh xac suat tong hai mat xuét hién
bang 7.

A.P=1/3 B.P=1/6 C.P=1/12 D.P=1/4

Bai 5. Mot binh dung 5 vién bi xanh va 3 vién bi d6. LAy ngau nhién 4 vién bi. Tinh
XAC suat dé duoc it nhat 3 vién bi.xanh,

A.P=1/2 B.P=1/3 C.p=1/4 D.P=1/5
Bai 6. Gieo ngau nhién'maot con sic sic can d6i dong chét hai l1an. Tinh xé&c suat it
nhat mot 1an xuat hién'mat 6 cham.

A.P=11/36 B.P=1/3 C.Pp=1/6 D.P=5/18
Bai 7. Gieo dong thoi bén dong xu can d6i ddng chat. Tinh xac suat c6 dung 3 dong
XU ngua.

A.P=1/16 B.P=1/4 C.P=11/16 D.P=1/6

Bai 8. Mot hop bong dén c6 12 bong, trong d6 co 7 béng tot. Lay ngau nhién 3 bong.
Tinh xac suat dé lay duoc it nhat 2 bong tét.

A.P=5/11 B.P=6/11 C.p=7/11 D.P=8/11
Bai 9. Mot 16p hoc gom 20 hoc sinh trong d6 ¢ 6 hoc sinh gioi Toan, 5 hoc sinh gioi
Vin va 4 hoc sinh gioi ¢a 2 mon Toan va Van. Chon ra 2 em. Tinh x4c suat dé 2 em d6
1a hoc sinh gioi it nhat mét mén Toan hoic Van.

A.P=2/19 B.P=23/19 C.P=11/95 D.P=21/190
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Bai 10. Mot hop ¢6 20 qua cau gidng nhau, trong d6 c¢6 12 quéa Cau trang va 8 qua cau
den. Lay ngau nhién 3 qua. Tinh x&c suat dé trong 3 qua chon ra c6 it nhat mot qua
mau den.

A. P = 46/57 B. P =15/19 C.P=16/19 D. P =47/57
Bai 11. Mot t ¢6 6 hoc sinh nam va 4 hoc sinh nit. Gi4o vién chon ra 2 em di thi van
nghé. Tinh xé&c suat dé 2 hoc sinh duoc chon khéc phai.

A.P=7/15 B.P=1/2 C.P=8/15 D.P=3/5
Bai 12. Mot 16p ¢6 30 hoc sinh, trong d6 c¢6 8 em gioi, 15 em kha va 7 em trung binh.
Chon ngiu nhién 3 em di du dai hoi. Tinh xac suat dé khong cé hoc sinh trung binh.

A. P =2/145 B. P =18/29 C.P=25/58 D. P=253/580
Bai 13. Cho 7s6 1,2, 3, 4, 5, 6, 7. Goi X la tap hop cac sé gom hai ¢chir.s6 khac nhau
lay tir 7 s6 trén. LAy ngau nhién mot sé thudc X. Tinh xé&c suét s do 1a sé-1é.

A.P=9/14 B. P =5/7 C.P=4/7 D.P=11/14
Bai 14. Cho 7s6 1,2, 3, 4,5, 6, 7. Goi X la tap hop cac sé gém.hai chir s6 khac nhau
lay tir 7 s6 trén. LAy ngau nhién mot s thudc X. Tinh'xéac suat'sé do chia hét cho 5.

A.P=2/5 B.P=1/5 C.P=1/7 D.P=2/7
Bai 15. Mot xa thu A ¢6 xac suat bin tring bia muc tiéu 12 0,7. Gia str xa thu nay bin
3 1an. Tinh xéc suat dé xa tha A bin tring‘mug tiéu it nhat mot 1an.

A.P=0,973 B. P =0,997 C.P=0,987 D.P=0,975
Bai 16. Gieo mt con xuc sic can d6i déng chat hai lan. Tinh x4c suat tong s6 cham
cua hai lan gieo 1 s6 Ié.

A.P=1/2 B.P=3/5 C.P=3/7 D.P=5/9
Bai 17. Gieo mot con xUc Sic can dbi dong chat hai 1an. Tinh xé&c suat cé it nhat mot
lan s cham tir 5 tra.lén.

A.P=1/2 B.P=3/5 C.Pp=3/7 D.P=5/9

ICHUYEN BE 3. DAY SO - CAP SO CONG & CAP SO NHAN|

A. Ly thuyét

1. Chirng minh ding thirc (bat dang thic) bing phwong phap qui nap toan hec
Dé chirng minh ménh dé chira bién A(n) 12 mot ménh dé ding voi moi gid tri nguyén
duong n, ta thuc hién nhu sau:

Bueéc 1: Kiém tra ménh dé ding véin = 1.

Buéc 2: Gia thiét ménh dé diing véi so nguyén dwong n = Kk tuy y (k > 1), chizng minh
rang ménh dé diing véin =k + 1.

2. Cap s6 cong

Dinh nghia: (Un) 1& Cap S6 €NG <> Un+1 = Un + d, N e N* (d: cong sai)
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S6 hang tong quat: u, =u +(n-1)d véin >2
’ ,( ’ ,’\ _ + ,-
Tinh chat céc so hang: U, =% Véik >2
, , A + n| 2u, +(n—1)d
Tong n so6 hang dau tién: S, =u +uy +..+u, = n(u‘z ) = [ ! 2( ) ]
3. Ddy céap s6 nhan
Dinh nghia: (un) 12 cdp S6 NhAN < Un+1 = Un.q Vi N e N* (q: cdng bai)
S6 hang tong quat: u =u.q"" V6i n >2
Tinh chét cac s6 hang: W=, Véi k >2
q ’ ‘ S, =ny voi g=1
Tong n so hang dau tién: u,(1-q")
S =———— vdig=l
l-g
B. Bai tip

Dang 1. Cac bai toan chitng minh dung phwong phap qui nap toan hoc
Bai 1: Chang minh rang véi moi n € N*

a)1+2+.. +n="01FD B) 12 422 4.4 p2 = DEFD
2 6
(n+1) ]
Q) P+’ 4.+ {” ”2 } d) 1.4+2.7+...+nGn+1)=n(n+1)>
&) 12423+, +n(ay= o) g 1 1 1
3 12 23 n(n+1) n+l
Bai 2: Chiing minh rang v&i moi n € N*
a) 2" >2n+1(n=3) d) 2"*2 >2n+5
b) 1++ v+ L <2-L (n>2) g L3 2nzl 1
22 n? n 24 2n an+1
c) 1+L+...+L<2\ﬁ f) L+ ! +...+i>£(n >1)
NG Jn n+l n+2 2n 24

Dang 2. C4c bai toan vé cap sé céng
Bai 1: Trong cac ddy sb (un) dudi day, diy sd nao 1a cap sé cong. Bong thoi, khi do
xéac dinh s hang dau va céng sai cua day sé do:
_3n+2

n

2

a)un=3n-7 b) u

C) u,=n
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7-3n n
d) u, =3" e) u = 5 f)un:E—l
Bai 2: Tim sb hang dau va cong sai cia cap sb cong, biét:
) {ul+u5—u3:10 b) {u2+u5—u3:10 0 {u3:—15
u +ug =17 uy +ug =26 u, =18
d) U; — Uy =8 e) u2+u125 =60 f) ul+u3+u5:—]2
Uy Uy =75 uy +up, = 1170 Uy Uy = 8

Bai3: Tim
a) Giira cac s6 7 va 35 hiy dit thém 6 s nira dé duoc mot cap sb cong.
b) Giira c4c s6 4 va 67 hay dit thém 20 sé nira dé dugc mot cap sb cong:

Bai4: Tim
a) Tim 3 s6 hang lién tiép cua mot cap sb cong, biét tong-cua.ching 1a 27 va téng
cac binh phuong cua chdng la 293.
b) Tim 4 s6 hang lién tiép cua mot cap sé cong, biét.téng cua ching bing 22 va
téng cac binh phwong cua chling bang 66.

Bai5: Tim
a) Ba goc cua mot tam giac vudng lap thanh mét cap sé cong. Tim sé do cac goc
do.
b) S6 do cac goc ctia mot da gidc 16i €6 9 canh lap thanh mot cap sb cong co cong
sai d = 3°. Tim s6 do cua cac goc do.
¢) S6 do cac goc cia mot tirgiac 16i 1ap thanh mot cap s6 cong va goc 1on nhat gap
5 1an goc nho nhat. Tim sé.do cac goc do.

Dang 3. C4c bai toan vé cap sé nhan
Bai 1: Tim s6 hang dau va cong boi cia cap sé nhan, biét:

a) u4—u2=72 b) ul—u3+u5:65 C) u3+u5:90
Us — Uy =144 u +u, =325 Uy — U =240
3 ul+u2+u3:21 _
d) ul+u2+u3—14 e) | | ] 7 f) ul+u2+u3+u4—30
Uy Uy Uy =064 —t—t—=—= u? +ud +ud +ud =340
123 uoouy, uy 12 L7273 T4

Bai 2: a) Gitta cac s6 160 va 5 hdy chén vao 4 sb nira dé tao thanh mot cap sé nhan.
b) Giira cac s6 243 va 1 hay dit thém 4 s nira dé tao thanh mot cap s nhan.

Bai 3: Tim 3 s6 hang lién tiép cua mot cdp s6 nhan biét tong cua ching 1a 19 va tich 1a
216.

Bai4: Tim
a) Tim sé hang dau ctia mot cap s6 nhan, biét rang cong boi 1a 3, tong s6 cac so

Casestudy24h.com | It’s never too late to study | 093 2697 054 Page 16



Bai tap téng hop - Toan 11 Date: / |/

hang 1a 728 va s6 hang cudi 1a 486.

b) Tim c6ng boi ciia mot cap s6 nhan cd sé hang dau 1a 7, s6 hang cudi 1a 448 va

tong s6 cac sb hang la 889.

Bai5: Tim

a) Tim 4 g6c ctia mot tir giac, biét rang cac goc d6 1ap thanh mot cap s6 nhan va goc
cudi gap 9 lan gdc thir hai.

b)DP6 dai cac canh cia AABC lap thanh mot cap sé nhan. Chang minh ring AABC
c6 hai goc khong qua 60°.

[CHUYEN BE 4. GIOI HAN
Dang 1. Giéi han day sé
Bai 1. Tinh gigi han cua cac day sb sau:

3n*-7n+1 3n"-8n®+3 I i n++/n?+2n+3

1 = lim———— 2= lim—mF—— =.lim
. 4n® —3n* +2 ? 5n° +n°+2n ’ 3-2n% +1
3
o= im 2N £30+2 i a3 i) Ve = lim(y3n? + 2n+1-ny3)
1+n3n+4
Bai 2. Tinh gigi han cta cac day s6 sau:
"4 3 s . 4nf+12n-1
|7 - ||m— |8 - ||m— |9 - ||mﬁ
5-7.3" 4" +3.5" n°+5n>—-6n
A -2nt+7 Lo ondn®+n+1 o 2-3n*+1
lio = lim = l11 = I|m2— lio = lim—————
2n+3+6n°—n 3n“+2n+12 2n+3

Dang 2. Giéi han ciaa ham sb
Bai 1. Tinh gigi han.ciia hdm s theo dinh nghia dé chang minh:

I = lim(2x+3) =7 = lim

Giéi han dang g:

Bai 2. Tinh gi6i han cua cac ham s sau

. x*-4 o x*-1 o xP-5x
I = lim —— = lim - I3= lim 5
X—=>2x°—3x+2 X=>-1x"4+3x+2 X=>5x° =25
_ . x % —2x _ . x> —3x+2 . X7 —x%—x+1
4= lim ——— Is = lim —— le = lim —————
X=>2-92x"+6x—4 x=>lx " —4x+3 x=>1 —x“+3x-2
. 2x*+x-6 X =xT=72 L X+
l7= lim ———— ls = lim ———— lo = lim —
A =3 x7—=2x-3 -1 x” +1
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Lo = i x> —5x2+3x+9 L= i 2x* +8x3 + 72 —4x — 4
10 = lim 4 2 1n=1m 3 2
x—>3 x*T_8x°-9 x>1 37 +14X° +20x +8
X3 -9x+ 2 o 2 1 . 1 3
l1o = lim 3 l13 = lim ——— li4 = lim| —— 5
x>-2  X°-X+6 =l x" -1 x-1 >N 1-x 1-x
5 6 33
x>l (1-x) h—0 h X—>a X —a
s = lim X2 l1o = lim 20X M) =2x7 o = lim X +X=2
18 = Xx>a X—a 19= h—0 h 20 = X—>1X1990+X—2
X+2 X—4
o1 = lim
x-1( X? —5X +4 3(x -3x+2)
Bai 3. Tinh gigi han cia cac ham s sau
. Ax® +x-18 x%+x-30 . X+1
A= lim——= — B=Ilim—— "— C ="lim
x>z x% -8 *08 2x% —9x—5 x>1 X34 2x* =X —2
4x? -1 —4Ax +3 . 2X*—Bx+2
D=Ilim—— E= lim———= F=Ilim——
Hl 4x3 +2x% -1 X—>1x +2x 3 o 4x? -1
4 3
G = lim 2x% +3x+1 H = lim x2 16 I:Iimx 1
x>1 —X? +4X+5 x==2 X° 42X x>1 X% — X
= Iim —27 K= fim -3 +6x*-12x +8
x->3 2 —4x+3 x>2  X*—4X+4
X —x?+x-1 . 8x*-64 X3 42x°—6x—-4
L=Ilim>——-= < M= lim———— N = lim
x>1 —X? —5X +6 x>2 X? —5X +6 X2 8-x°
. X3+ x?-5x=2 X3 +4x*+6x+3 x2—3x+2
O = lim P=i = lim ——
x>2 X2 —3X+2 x>1 X2 —X—2 Q=1lim x> —2x+1

Bai 4. Tinh gigi han cia cac ham s sau

\/x+1—\/x2+x+l _ Jx-3-2 . 2— \/x+

1= lim I = lim———— I3 = lim
! x—0 2 x—7 49_)(2 3 xazx —3x+2
L = lim x/4x+ -3 Ik = Lm \/2x+ -3 le = lim Jx+5-2x+1
4= 5 = 6 =

X—2 X -4 x—)1X3_4X +3 X >4 X—4

2—x*+3 o x—~x+2 . 3X—2—+4x?—x-2

= lim =Y T2 g = g TS lo = lim _

=l —x% +3x-2 =2 xT =8 x-1 X" —=3X+2

3-J5+x . 3-8+x «/x+2
l10= lim ——— l11 = lim ———— l12 = lim
x—>41-+/5-x x 512X —+/5—X Hz\/4x+ -3

x-1 1-1—x Ix +1

li3 = lim——— lia = lim—— lis = lim ——
x>1 x3 4 x% -2 x>0 Qx4 x* —>-12x2 +5x+3
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o= fim I2X 124X Va7 -2 lis = lim
16 — S 17 — I — 18 — ——
X—>-2 X2+2X x =1 \/;_1 x—=0 3/x+1_1

. Yx+7-2  3x-1
|19 = Ilm— IZO = Ilm— IZ]_ = llm —
o1 x -1 1 4fx —1 x> 13f4x +4 -2
Bai 5. Tinh gigi han caa cac ham sé sau

A= lim X+1++x+4-3
X

Xx—0

5 = "m\/x+9+\/x+16—7

x—0 X

o RAx+l+x+4-3 N S P
C= lim D = lim
x—0 X x—0 X
_3 3 -
= Iml]x/x+32x/3x+5 F = Jing «/8xﬁ;11 Jx+7
o X" -1 x>l x"=3x+2

A ge 3 OO
Dang vo dinh —, 00—
o0

Bai 1. Tim céc gidi han sau

2
A= fim 2! B= lim — 2t C = lim XYX*L
x>+ X —1 x—>-0 ] -3x L5x X—+0 x < 4 x +1
2 _ 3 _ 3 9,2
D = lim 3x(2x ; 1) E =lim 3)(3 2X-2|-2 E= im 3x4 2x"—1
x—-0 (5x —1)(x ~ +2x) a0 2D x7 +2x7 —1 xoto 4x" +3x -2
3 5.2 4 K2 _1)2 2
G = lim > 22)6 2 H = lim > : 3x"+1 | = lim (x-1) (7X:-2)
xoxo 3 — xy—1] xok0 —x " + Dy —72 X—>+00 (2X+1)

Vax? +1 Nx? =3x +2x

2 3
I= lim X289 (4x+7) K = lim L

lim

x—n (3x —4)? (5X° =1) x> 3X—1 x> 3x—1
2 2
M = lim VX2 —3x#2x N = lim X +x+2+3x+1
o 3k ot \Jax? +1+1-x
(42 _ B 2
O= lim 4x 7 =2x+1+2—-x P= lim VX +2x+3+4x+1 Q = lim x\/2x+3
X—>% ”9X2—3X+2X X —>+o0 /4X2+1+2—X x>0 X241
3.3 2 3/, .3 252 3/.3 2 2
R = lim Yx*+2x7 +x S = lim \j(x +2x7) +2xe +2x° +x
x>0 2x-=2 x>0 3x°—2x
Bai 2. Tinh cac gidi han sau
I = lim (2x® —3x) l2 = lim (2x” —3x) ls = lim Vx* —3x +4
l4= lim (Vx?+x —x) Is = lim (Vx> +x —x) le = lim (Vx* =3x+2 —X)
X—>—0 X —>+00 X—=>+0
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I7= lim (Wx* =3x+2—x)

X—>—0

ls = liril(\/xz—2x+4—x) lo = lim (Vx+2—+/x—2)

lio= lim (\,’Ix2 —4X+3—\IIX2—3X+2)

X—>*ow
li2 = lim (2x —1—/4x2 —4x—3)
X—>*oo

l12 = lim (VXx* =3x+2 +x-2)

X—>+0

l16 = lim(Wx*=3x+2+x—-1)

x—>to0

l1g = lim (\/4x* —x+3 -2x+1)

Xx—>Fo0

o= lim (Vx2+1—-3x>—1)

X—>+00

Gidi han mot bén
Bai 1. Tim cac gidi han sau

A= lim> —2* G=
-2 3x+1
_ .. 3x-1
5T H=
C= timl | =
-t x—1
D= fim/ ! J=
- x—1
24%3 _
E= Iim X K=
x—>07" 2x
F=  lim 2% L=

x—>0" \J4x 2y x 3

l11 = lim x(\/xz +5+x)

X—>T0

lis = lim 3x+2—9x2+12x—3)

X—>*o

l15 = lim (Vx> =3x+2 +x—2)
l17= lim(Wx*=3x+1-x+3)

X—>Fo0

lig= lim (\i3 x> +x24x)

X—>*too

21 = lim (%/x3 +2x=1 —«/xz —3x)

X—>Fo0

2
. X°—=3x+3 _
X2 X~2 <0t X
. x2=3x+3
lim / 2 _
x—=2" X—2 N= Ilim —X +tx-2
x—1t x—1
N N2>
Na % oo o oo
| x? —3x+3 it Ty
2
x>-2" X2 4 X —2 2
i x> —3x+3
x>-2" X% 4+ X =2
. *\/x3—3x+2
hm _—

i1~ X2 —5x+4

Bai 2. Tim giéi han bén phai, gidi han bén trai ctia ham s f(x) tai xo va xét xem ham

sO ¢o gidi han tai xo khdng ?

4-x?
by fx)={ x_2 <2
1-2x (x>2)
V6ix0:2
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«/1+x -1

X272 x>0
¢) fF(X)=131+x-1
3/2 X <0

véi x, =0
Bai 3. Tim A dé ham s sau ¢ gidi han tai xo:

x3 -1

a) f(x)=4 x-1 (x<D voixo=1
Ax+2 (x<£1)
A+\/x+6+2x—9 X < L
b) f(x)= X3 —4x? +3x vO1 X0= 3
3x*-2 X >3
Gid¢i han ham luwgng giac
Tinh céc gidi han sau
A= lim sin 5x D= lim cosx—zcos3x G= lm sm2x.+smx
x>0 3x Xx—0 sin” x 0 3ginx
B= lim 1—00252)(
x—>0 1 — Q1 —
X E= lim tgx —sin X H = hml Sll’l).C cos2x
X >0 X3 x—0 sin x
C= lim COSX —Cos7x
x—0 X2 1 3
F= lim(. —— jx
x>0\ sinxX sin3x
Dang 3. Tinh lién tuc ham sb
Bai 1. Xét tinh lién tuc.cta cac ham sb sau:
2sin® x +sinx —1 x;«é% X2 +5X —6 x=1
a) f(x)=12sin®x—3sinx+1 Neu N c) f(x)=¢ x—1 Neéu
—3 X=— 7 X:l
6
X+3 X#1 x> -2 X#2
b) f(x)={x-1 Néu d) f(x)={x-+2 Néu
2 x=1 22 X =2
Bai 2. Tim m dé ham s6 sau lién tuc:
X2 —X—2 X#2
a) f(x)={ x—2 Néu lién tyc tai x=2
m X=2
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Jx -1 x#1
b) f(x)=4x*-1 Néu lién tuc trén (0; +oo)
m? x=1

Bai 3. Ching minh rang cac phuong trinh sau ludn c6 nghiém:
a) xX°-3x-7=0
b) A-m?)(x+3)*+x*-x-3=0
c) (1-m?)x>-3x-1=0
d) 2x*-10x—7=0 (c6 it nhat hai nghiém)

CHUYEN PE 5. PAO HAM

A. Ly thuyét

1. Pinh nghia dao ham tai mét diém
Cho ham sé y = f(x) xac dinh trén khoang (a; b) va xo €.(a; b):

f'(xy) = lim )=o) - lim 2Y (A%.= X Xo, Ay = f(Xo + AX) — f(X0)

X=X, X=X Ax—0 AX
Néu ham sb y = f(x) c6 dao ham tai xo thi n6 lién tuc tai diém do.
2. Y nghia ciia dao ham
Y nghia hinh hoc:
Khi d6 phuong trinh tiép tuyén cta do thiham s6 y = f(x) tai M(x,:f(x,)) la:
Yy — Yo =f%(Xo0).(x="Xo)
Y nghia vt Ii:
Van téc tac thoi ciia chuyén dong thang xac dinh boi phuong trinh s = s(t) tai thoi
diém to 12 v(to) = sto).
Cuong do tic thoi cua dién luong Q = Q(t) tai thoi diém to 12 1(to) = Q (to).
3. Qui tdetinh dao ham

" r— nys — n-1 (neN
(C)=0 (%) =1 (")’ = n.x [n>1j
(Vx) = (ku)’ = ku’ (1) _v

24/X v v2
(Utv) =u+Vv (Uv) = U'v +Vv'u (%) _uv ;V'u (v = 0)
\'%

DPao ham cua ham s hop: Néu u = g(x) c6 dao ham tai x 1a u% va ham sé y = f(u) c6
dao ham tai u 1a y 4 thi ham sé hop y = f(g(x)) c6 dao ham tai x la: Y, =y, U,

4. Pao ham ciia ham s6 lweng giac
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lim 22X tim S0 1 (vgi im ux)=0)
x—=>0 X x—x, U(X) X=X,
(sinx)’ = cosx (cosx)’ = — sinx
(tanx)’ = 3 (cotx)' =— 5
cos” X sin” X
5. Vi phan
o dy =df(x)=f"(x).Ax o f(x, +Ax) ~f(x,)+1'(x,).Ax

6. Pao ham cip cao

o ' 0=[r0]; 00 =[f"0] ; f 00 =[f"Dx)] (neN,n>4)

B. Bai tip
Dang 1. Dung dinh nghia dé tinh dao ham
Bai 1. Dung dinh nghia tinh dao ham cua cac ham sé sau tai diém duoc chi ra:

a) y=f(x)=2x"—x+2 tai x,=1 b) y=f(x) £v/3=2x% tai Xo=-3

C) y=f(x)=2x—+11 tai Xo =2 d) y =f(x)=sinx tai Xo 22
2
&) y=f(x)=x taixo=1 f)y:f(x):LX;rltaixo:O

Bai 2. Dung dinh nghia tinh dao.ham cua eac ham sé sau:

a) f(x) = x> —3x +1 O fx)=vx+1,(x>-1 e) f(x) = !

; COSX
b) f(x)=x>-2x d) fx)=—
2x -3
Dang 2. Dung cdng thic dé tinh dao ham
Bai 1. Tim daohamcta cac ham sb sau:

1 2 3 1 1
a) y==xX"+—x'-x"—=x*+4x-5 b) y==-=x+x"-0,5x"

2 3 2 4 3

x x X
C)Y=:—?+?—X; d)y:X5_4X3+2X_3\/;

2
e) y=§+%+c&+%—% (a,b,c 13 hing s6) .
a x

Bai 2. Tim dao ham cua cac ham so sau:

a) y=(2x—-3)(x° —2x) ) y:<\/;+1)(i_lj
b) y=x(2x-1)(3x +2) Jx
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2x -1
x-1

3
T 2x-5

d y=

e) y

X*+x-1
Xx—-1

2x° —4x+5
2X+1

Bai 3. Tim dao ham cua cac ham so sau:

f) y=

g) y=

a) y=(2x° —3x* —6x+1)°

b) y = (x> —x+1)°(x* +x+1)°

C) y=+1+2x-x’
d) y= X+VX+J;

& vy (2x—1)2
= X+3

Bai 4. Tinh dao ham cua cac ham sb sau

1 2 _
) y=2x -1 2di G5 g y:(J;H)[L_lj N
X

2
h) y=x+1-——
X+1
. 5x-3
| =
) x>+ x+1
i X2 +Xx+1
D Y=
X —x+1
1

(x> —x+1°

g)y=(dﬁ—iLT

X

h) y=x +1 -1 %’

i) y =3 L3x+1
) y:(x+x/x2 +1)5

Jx -1
3 2 2
=2 x4+ . 2x% —4x +1
D)y <2 X+3XJ; f)y= py== _§
2x+1 752
9 y= K)y=—2%
) y =(x>~2)1-x?) )y 2 2% 3
2
d) y=(+3002-x) )y EXIX
1—x+x2
Bai 5. Tinh dao ham cua cac ham sb sau
) 4 3 1
a =xX"+x+1 _
)y =( ) 0 y- 2x +1 &) y=—; —=
b) y = (1-2x%) (=20
X +1)%
d) y = & v
(x—1) f) y=(3-2x2)
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Bai 6. Tinh dao ham cua cac ham s sau:
a) y = V2x2 —5x 42 e)y = X1 h) y =(x—2)°
b) y=x/3x3—x+2 i) y:(l+ﬁ)3
C) y=m Ny= 4:X
0) y=x-2V<+3 X

1l

9)y= 1
Bai 7. Tim dao ham cua cac ham sb sau:
) _sinx X _ sinx—xcosx n)y =sin® 2xcos® 2x
X osinx COS X — XSin X
in3 3 Xx+1 —gj
b) y = SII‘.I X + COS” X g) y = tan 0).y.=sin(cos3x)
SiN X + CoS X 2 by 2|:COSZ(COS3 )}
=sin X
c) y=4sinxcos5x.sin6x )Yy = tan3x—cot3x PN
: 1+ tan® X —3)?
)y=——— q) y=cot® cosz(x—?’J .
d) y =4sinxcos5x.sin6x 1-tan”x X+2
j) y=cotyx*+1
_ Sin2x +cos 2X k) y = cos*X+sin* X
sin 2X — cos 2X . 3
m) y = (Sin %.+Cos X)
Bai 8. Tinh dao ham cua cac ham sé sau:
, 2
a) y:[ SInx j b) y=x.cosx C)y= sin® (2x +1)
1+ cosx
d) y = «/cot2x e) y:sin\/2+x2 f) y =+/sinx +2x
g)y= tan2x+§tan3 2x+§tan5 2x h)y= 2sin? 4x —3cos> 5x
. . . 1
)y= (2 +sin? 2x)° K) y :sm(coszxtan2 X) )y= cos? \/;—F
Jx -1
Bai 9. a) Cho hamsé f(x)= - Tinh £'(0) f'(z); f'(ﬁ} f-[fj.
1+sinx 2 4
2
b) Cho ham s6 y = f(x)= COS- :( . Ching minh: f (Zj—Bf [Zj =3
1+sin” x 4 3

Bai 6. Tim dao ham cua cac ham so6 sau:

a) y= 3(sin4 X + cos* x) — Z(Sin6 X + cos® x)
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b) y = cos* x(2cos” x—3)+sin* x(2sin’ x—3)

c) y =3(sin® x—cos’ x) +4(cos® x— 2sin® x) + Bsin* x

d) y = sin® x +3cos* x -1
sin® x + cos® x + 3cos* x —1

&) y= ) 2(27[ j 2£2ﬂ_j
y=C0S X+COS" | — + X [+COS"| — —X
3 3
Vs

0 ye tan (4—:).(“ sinx)

sin x

sinx +sin2x+sin3x +sin4x
9) y= ;
COS X + COS2X + COS3X + COS4X

h) y=y2+y2+2+2c08x , (XE(O;%D.

Dang 3. Dung cong thirc dao ham dé giai phwong trinh
Bai 1. Giai phuong trinh y'=0 biét:

a) y=sin2x—2cosXx ; C) y =cos” x+sinx;

b) y=3sin2x+4cos2x +10x; d) y'=(m=1)sin2x+2cosx —2mx.
Bai 2. Cho ham sb y =%x3 —(2m+1)% +mx—4. Tim m dé:
a) Phuong trinh y'=0 c6 hai nghiém phéan biét

b) y' c6 thé viét duoc thinh binh phuong cta nhj thirc;
c) y'=20,vxeR ; d) y'<0,vxe(1;2); e) y'>0,vx>0.

Bai 3. Cho ham s§ y = —%mx3 +(m-1)x* —mx+3. X4c djnh m dé:
a) y'<0,VxeR.
b) Phuong trinh y'=0 c6 hai nghiém phan biét cing am;
¢) Phuong trinh y'=0 c6 hai nghiém phén biét thoa man diéu kién: Xf + X22 =3.

mx? +6x—2
X+2
Bai 5. Cho ham s6 y=mx* +(m?-9)x?+10 (1) (m 13 tham s&). Xac dinh m dé ham s

Bai 4. Cho hams6 y= . Xac dinh mdé ham sd ¢6 y'<0, Vx e (1;+0).

cO y'=0 cb 3 nghiém phan biét.

Dang 4. Viét phwong trinh tiép tuyén cia PTHS
Bai 1. Cho ham sb (C): y = f(x) =x> —2x +3. Viét phwong trinh tiép véi (C):
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a) Tai diém c6 hoanh d xo = 1.
b) Song song véi duong thang 4x —2y + 5= 0.
¢) \Vubng goc voi dudng thang x + 4y = 0.
d) Vubng goc voi dudng phan giac tha nhat caa goc hop boi céc truc toa do.
2
Bai 2. Cho ham 6 y = f(x) = 2"—+1X ©).
X J—
a) Viét phuong trinh tiép tuyén cua (C) tai diém M(2; 4).
b) Viét phuong trinh ttiép tuyén cua (C) biét tiép tuyén co hé s6 goc k = 1.
Bai 3. Cho ham s y = f(x) =>>1 ().
—X
a) Viét phuong trinh tiép tuyén cua (C) tai diém A(2; -7).

Bai 4.

b)

Bai 5.

b)
Bai 6.

Bai 7.

Viét phuong trinh tiép tuyén cua (C) tai giao diém cua (C) véi truc hoanh.

Viét phuong trinh tiép tuyén cua (C) tai giao diém cua (C) véitruc tung.
Viét phuong trinh tiép tuyén caa (C) biét tiép tuyén song-song voi

d:y= %X +100.

Viét phuong trinh tiép tuyén cua (C) biét tiép tuyén vudng goc véi
A:2x+2y-5=0.

Cho ham s (C): y =x> —3x?.

Viét phuong trinh tiép tuyén caa\dd thi (C) tai diém I(1, —2).
Chuang minh rang cactiép.tuyén khac cua do thi (C) khong di qua 1.
Cho ham sé (C):"y = V1—x —x2. Tim phuong trinh tiép tuyén véi (C):
Tai diém cé.hoanhydd xo = %

Song.song Véi duong thang x + 2y = 0.

Che ham s6 (C):y = x* — 2x+3. Viét phuong trinh tiép véi (C):
Tai diém c6 hoanh do x, =2 ;

Biét tiép tuyén song song v6i duong thang: 4x—y—-9=0 ;

Vuong goc v6i dudng thang: 2x+4y —2011=0 ;

Biét tiép tuyén di qua diém A(1;0).

3x+1 (©).
1-x
Viét phuong trinh tiép tuyén cua (C) tai diém M (-1;-1);

Chohamsd: y=
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b) Viét phuong trinh tiép tuyén clia (C) tai giao diém cta (C)véi truc hoanh;

c) Viét phuong trinh tiép tuyén ctia (C)tai giao diém cta (C)véi truc tung;

d) Viét phuong trinh ti€p tuyén cta (C) biét tiép tuyén song song véi duong thing

(d):4x—y+1=0;

Bai 8. Viét phuong trinh tiép tuyén clia (C) biét tiép tuyén vudng gbéc voi dudng
thing (A):4x+y-8=0.
Bai 9. Cho ham sé: y=x>-3x* (C)

a) Viét phuong trinh tiép tuyén cua do thi (C) tai diém 1(1; -2).

b) Ching minh ring céc ti€p tuyén khac cua do thi (C)khong diqua 1.
Bai 10. Cho ham s6 y=+1-x-x* (C). Tim phuong trinh tiép tuyén véi (C):

a) Tai diém c6 hoanh do x, =% :

b) Song song véi dudng thiang: (d):x+2y =0.
Bai 11. Cho ham s§ y=+/3x*+4 (C), m Ia tham s6 thyc. Tim céc gia tri cua m dé
tiép tuyen tai diém c6 hoanh do x =-1 di.qua diém A(1;2).

Bai 12. Cho ham sb y:3X—+11 (1). Tinh dién'tich cua tam giac tao béi cac tryc toa do va
X+

tiép tuyén cua d6 thi cua ham'sé (1) tai diém M (-2;5).

Bai 13. Cho ham s6 y=x/3x*+4 (C). Viét phuong trinh tiép tuyén cia dd thi (C)
biét tiép tuyén tao v6i duong thang (d):~/3y —x+6=0 goc 30°.

Bai 14. Cho ham s6 y=—x°—3x’ +9x—5 (C). Trong tit cd céc tiép tuyén clia do thi
(C), hay tim tiép tuyén c6 hé s6 goc 16n nhat.

Bai 15. Cho ham s6 y :2X—_11 (C).Goi 1(1;2), timdiém M e(C) sao cho tiép
X_

tuyén cua (C) tai M vudng gdc véi duong thang IM .
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PHAN HINH HOC
ICHUYEN DE 1. PHEP DOI HINH VA PHEP PONG DANG|
A. Ly thuyét

a) Phép tinh tién
o NéUT.(M)=M & MM =v

Néu T.(M)=M’ Vd T.(N)=N' < M'N'=MN = MN=MN'

e Phép tinh tién theo vecto — khong chinh 1a phép ddng nhét tac 1a {X, -
y =Yy
e T.()=d< v Va v' cing phuong

e Biéu thic toa do: Néu T.(M)=M' = M'(Xm + a; ym + b)

Xy =Xy +a . -
hoac M’:{ oM VOl v=(a;b)
Yw =Y +D

Phép tinh tién:

Bién duong thang thanh duong thang song song hoic tring vai no;
Bién doan thang thanh doan thang bang no;

Bién tam giac thanh tam gi&c bang no;

Bién duong tron thanh duong tron cé cing ban kinh.

b) Phép quay

e Phép quay tam O, g6c90% Q = (M)=M'={" =7
(0,907) yr =

e Phép quay tam O, g6c=90% Q  (M)=M'= X =y
(0,-90°) y, -

c) Phép vitw
Cho-diém'O va mot sé k =0. Phép bién hinh bién mdi diém M thanh mot diém
M’ sao cho OM '=kOM duoc goi 1a phép vi tu tam, ti s6 vi tu 12 k.
Vo :M — M 'hay M’ = V(O’k)(M)c> M :V(olj(M )
'k
Trén mat phang xOy biét tm vi tu co toa d 1( Xo; Yo) va diém M (x ; y) thi toa do cua

M/(x' ; y') dugc xac dinh biéu thic toa d6 ctia phép vi tu 1a:
X'=kx + (1- k).x
y'=ky + (1-Kk).y,

B. Bai tap
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Dang 1. Bai toan véi phép tinh tién

Bai 1. Cho tam giac ABC c6 G la trong tam. Xac dinh anh caa tam giac ABC qua
phép tinh tién theo vecto AG. Xac dinh diém D sao cho phép tinh tién theo vecto AG
bién D thanh A.
Bai 2. Tim anh cua cac diem A(0; 2), B(1; 3) qua phép tinh tién T. trong cdc trudng
hop sau:

a) v=(L1) b) v=(-2:1) C) v=(0;0)
Bai 3. Cho diem A(1; 4). Tim toa do cta diém B sao cho A =T.(B) biét:

a) v=(2-3) b) v=(=3;1) ¢) v=(0;0)

Bai 4. Tim toa do ciia vecto v sao cho M’ =T.(M), biét:

a) M(-1; 0), M'(3; 8) b) M(-5;2), M'(4;-3)  ¢)M(-1;2), M'(4;5)
Bai 5. Tim anh caa d qua phép tinh tién theo v, biét:
a)d: x+3y—1=0Vési v=(2;-1) by di2x—y —1=0Véi v=(2;-1)

Bai 6. Tim phuong trinh duong thang d qua phép tinh tién theo v: d bién thanh d’, biét
d:2x+3y—1=0Véi v=(-2-1)
Bai 7. Tim toa d¢ vecto vsao cho T.(d) =d“vsi d'3x —y+1=0vad:3x-y-7=0
Bai 8. Tim toa dd vecto vsao cho TA(C) = (C")

a) (C):(x—22+(y+3)2=4va(C):(x+5)2+(y-1)2%=4

b) (C):x?+y?-2x+4y+2=0va(C): x> +y?+4x—-6y+10=0
Bai 9. Tim anh cua (C) qua.phép tinh tién theo v, biét:

a) (C):x2+y2—Ax+2y=3=0Vbi v=(3—-4)

b) (C): (x + 32+ (y—1)2 =4 Véi v=(-3;1)
Bai 10. Phép tinh tién theo vecto v =(3;m). Tim m d& duong thing d: 4x + 6y — 1= 0
bién thanh.chinh n6 qua phép tinh tién theo vecto v.
Bai 11. Cho hinh binh hanh ABCD. Duyng anh cia tam giac ABC qua phép tinh tién
theo vecto AD. X4c dinh diém F sao cho phép tinh tién theo vecto AC bién F thanh
A.
Bai 12. Cho hinh chit nhat ABCD. Goi M, N, E, F lan luot 1 trung diém cua céc canh
AB, CD, AD, MN. Hay tim mot phép tinh tién bién A AFM thanh A ENF.

Bai 13. Tim anh cua cac diém sau qua phép tinh tién theo vecto v, biét:
a) A(2; -3) Véi v =(7;2) b) B(8; 2) véi v =(-T7;4)
c) C(L; 2) V6i v =(—4;3) d) D(-5; -6) V&i v = (4;—-9)
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Bai 14. Tim toa d¢ cua diém C sao cho A(3; 5) la anh caa C qua phép tinh tién theo
vecto v = (-12).
Bai 15. Tim toa do ciia diém M qua phép tinh tién theo vecto v=(3;=5), biét
T.(M) =N va N(-7; 2).
Bai 16. Cho diém D(-5; 6). Tim toa d6 caa diém E sao cho D Ia anh caa E qua phép
tinh tién theo vecto V= (—2;-8).
Bai 17. Cho diém A(1; 4). Tim toa do diém B sao cho A=T.(B) V6i v =(-3;9).
Bai 18. Tim toa d¢ cia vecto v sao cho T.(A) =B, biét:
a) A(-10; 1), B(3; 8) b) A(-5; 2), B(4; -3) ¢)A(-1; 2), B(4; 5)
d) A(0; 0), B(-3; 4) e) A(5; -2), B(2; 6) f)AR; 3), B(4; -5)
Bai 19. Cho duong thang d: 2x —y + 5 = 0. Tim anh cua duong thang.d qua phép tinh
tién theo vecto v = (4;-3).
Bai 20. Cho duong thang d: x — 4y — 2 = 0. Tim phuong trinh duong thiang d’ sao cho
T.(d) =d'Véi v=(-2;5).
Bai 21. Cho duong thang d: 5x + 3y + 5 ='0. Tim/anh cua duong thang d qua phép
tinh tién theo vecto v= (—2;-1).
Bai 22. Tim anh cua duong thdng'd qua phép tinh tién theo vecto v=(3;7), biét;
duong thang d: 4x —y —3 =0,
Bai 23. Tim dudng thing.dqua phép tinh tién theo vecto v: d bién thanh d:
a)d:2x +3y—1=0Vdiv=(=2-1) b)d:2x -4y —1=0Véi v=(3;-1)
c)d:x -6y +2 =0 vsi v=(—2;4) d) d:5x -3y +5=0Vvéi v=(-2-3)
Bai 24. Tim anhcua (C) qua phép tinh tién theo vecto v, biét;

) (C):X2+Vy2—4x+2y—3=0Véi v=(3;—-4)

b) (C):x2+y2+6x—4y+1=0Vdi v=(-3;-5)

c) (C): (Xx—2)2+(y+5)2=16Vsi v=(-1;4)

d) (C): (X +4)2+(y—1)2=9Véi v=(53)
Bai 25. Tim toa d¢ ciia vecto v sao cho T.(d)=d’ va T.(C) =(C), biét:

a) d:3x—-2y+1=0vad:3x—-2y-4=0

b) d:2x+y-5=0vad:2x+y+3=0

c) (C):(x+3)2+(y—22?=4va(C):(x-52+(y-7)?=4

d) (C): (x-5y+(y+4)*=8va(C): (x+2)*+(y-9)>=8
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Bai 26. Phép tinh tién theo vecto v =(3m;—6). Tim m dé duong thang d: 4x + 2y — 7

= 0 bién thanh chinh né qua phép tinh tién theo vecto v.

Dang 2. Bai toan véi phép quay
Bai 1. Tim anh cuaa cac diém sau qua phép quay tdm O, goc 90° biét:

a) A(3: -4) b) B(-2; 1) ¢) C(4; 5) d) D(-2: -3) ¢) E(0; -5)
Bai 2. Tim anh cua cac diém sau qua phép quay tdm O, gdc -90° biét:
a) A(2; 5) b) B(-4; 2) ¢) C(-3; -1)
Bai 3. Tim toa do cua diém A sao cho Q40 (A) =B, biét:
a) B(3; -5) b) B(-2; 7) ¢) B(-3;-1) d) B(4; 6)

Bai 4. Tim toa d6 ctia diém C sao cho D 14 anh cia C qua phép quay tam O, gc quay
-90°, biét:

a) D(-5; 1) b) D(-4; -7) c) D(2;:3) d) D(4; -8)
Bai 5. Tim anh cua dudng thiang d qua phép quay tm O;.g6c quay 90°, biét duong
thang d: 5x — 2y —2 = 0.

Bai 6. Tim anh cua duong thang d qua phép quay tam O, goc quay -90°, biét duong
thang d: 2x -5y + 1 =0.
Bai 7. Tim anh caa duong tron (C) qua phép quay tam O, géc quay 90°, biét

a) (C): (x—-2)2+(y+5)2?=9 b) X2 +y?—4x+2y—-4=0
Bai 8. Tim anh cua duong tron (C):qua phép quay tam O, géc quay -90°, biét:
(X+4)?+ (y—1)?=16.
Bai 9. Cho tam giac ABC, trong tam G

a) Tim anh caa'diém B gua phép quay tam A goc quay 90°

b) Tim anh caa dudng thang BC qua phép quay tam A goc quay 90°

¢) Tim.anh cliatam giac ABC qua phép quay tdm G géc quay 90°
Bai 10. Cho A ABC déu c6 tam O va phép quay tam O, gdc quay 120°.

a) Xac dinh anh cua cac dinh A, B, C qua phép quay Q

(0,120%)

b) Tim anh caa A ABC qua phép quay Q

(0,120%)
Bai 11. Cho hinh vuéng ABCD tam O
a) Tim anh cua diém C qua phép quay tam A, g6c quay 90°
b) Tim anh cua duong thang BC qua phép quay tam O, gdc quay 90°
Bai 12. Tim anh cua cac diém sau qua phép quay tdm O, goc 90°, biét:
a) A(4; -2) b) B(-5; 3) c) C(-6; -7) d) D(2; 9)
Bai 13. Tim anh cua cac diém sau qua phép quay tdm O, goc -90° biét:
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a) E(3; 5) b) F(-4; 6) c) M(7; -2) d) N(-3; -8)
Bai 14. Tim toa d6 cua diém M sao cho Qo p,(M)=N, biét;
a) N(-3; 2) b) N(4; -7) c) N(-5; -1) d) N(5; 9)

Bai 15. Tim toa do cua diém E sao cho F la anh cua E qua phép quay tam O, géc quay
-90°, biét:

a)F(4;7) b) F(3; -2) c) F(5; -6) d) F(-3; -8)
Bai 16. Tim anh cua duong thang d qua phép quay tdm O, géc quay 90°, biét:

a)d:2x-3y+2=0 b)d:3x+y=0

c)d:y-3=0 dd:x+1=0

e)d:-4x+2y+3=0 f)d:2x+5y-2=0

g)d:x-7y-3=0
Bai 17. Tim anh cua duong thang d qua phép quay tdm O, gdc.quay -90°, biét:

a)d:x+3y-1=0 b)d:2x -y +5=0 c)d:3x-2y=0
Bai 18. Tim anh cua duong tron (C) qua phép quay tam‘Q, goc quay 90° biét

a) (C): (x+1)*+(y-1)>=9 b)(C)ex? + (y-2)° =4

C)(C):x?+y?—4x-2y—-4=0 d) (C):x°+y?+2x -4y —-11=0
Bai 19. Tim anh cua duong tron (C) qua phép quay tdm O, goc quay -90° biét:

a) (C): (x—3)2+(y+5)2?=16 b) (C): (x +3)2+y?=25

c)(C):x?+y?>—6x+4y—-3=0 d) (C): x?+y?+10x-8y-8=0

Bai 20. Cho tam gidc ABC va diém O. X4c dinh anh cua tam giac d6 qua phép quay
tam O goc 60°.
Bai 21. Cho hinh binh hanh ABCD va tam O.

a) Tim anh cua OC qua phép quay tdm B, géc quay 90°

b) Tim anh cua A AQB/qua phép quay tam O, gdc quay -90°
Bai 22. Cho hinh vuéng ABCD c6 tam O theo chiéu am

a) Tim‘anh ctia diém A qua phép quay tdm C, géc quay -90°

b) Tim anh)cta duong thang AD qua phép quay tam O, géc quay 90°
Bai 23. Cho tam giac déu ABC, O 1a tam dudng tron ngoai tiép tam giac ABC. Tim
mot phép quay bién A ABC thanh chinh né.
Bai 24. Cho hinh vuéng ABCD tam O. Tim mét phép quay bién hinh vuéng ABCD
thanh chinh no.
Bai 25. Cho AABC. Vé phia ngoai tam giac, dung ba tam giac déu BCA;, ACB;,
ABC;

a) Tim mot phép quay bién A AC:C thanh A ABB;

b) Tim mét phép quay bién A ACA; thanh A B:CB
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Dang 3. Bai toan véi phép vi tu
Bai 1. Tim anh cua cac diém sau qua phép vi tu thm O, ti s6 k, biét:

) A(-3;4), k=-2 b) B(2; -6), k = %

c) C(4;5), k=3 d) D(-3; -12), k = ‘%

Bai 2. Tim toa d6 cua diém A sao cho B 1a anh cua A qua phép vi tu tam O, ti s6 K,
biét:

a) B(-2; 6), k = 2 b) B(0; 3), k =

W

¢) B(3: -1), k= -3 d) B(-5: -2), k = _%
Bai 3. Tim ti s0 k, biét V,,,, (A) = A'biét:

a) A(-2; 4), A(L; -2) b) A(4; 5), A'(-8; -10)

c) A(-3; -8), A'(-9; -24)
Bai 4. Tim anh cua cac dt d sau qua phép vi ty tdm O ti &'k biét:

a)d: 4x— 3y +1=0,k=-3 b)d:x—4y+2:0,k:%

Bai 5. Tim anh caa cac duong tron (C) sau'qua phép vi ty tam O, ti s6 k biét:
2) (O (x—22 + (y + 4P 4, k= -
b) (C): X2 +y2—6x +4y —3.=0, k=4
Bai 6. Cho tam giac ABC. Tim anh cua B, C qua phép vi tu tam A, ti s6 k biét:
1 2
ak=— b)k=2 c)k=-=
) 5 ) ) 3
Bai 7. Cho hinh binh hanh ABCD (theo chiéu am) c6 tim O. Tim anh cia hinh binh
hanh ABCD quaphép vi ty tm O, ti s6 k = 2.
Bai 8. Tim anh cua cac diém sau qua phép vi tu tam O, ti sb k biét:

a) A(-3; 5), ti s6 k = -3 b) B(4; -1), tisd k=2
¢) C(-1: 3), tisb k = 4 d) D(-2; -8), ti 56 k = _%
e) E(3;9), k= % f) F(3; -7), tisb k = %
Bai 9. Tim toa do cua diém E sao cho F 13 anh cua E qua phép vi tu tdm O, ti s6 K biét:
8) F(-2;8), tisb k=2 b) F(3; -2), ti sb k = %
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¢) F(5; 1), ti sé k = —i

Bai 10. Tim anh cua cac dt d sau qua phép vi tu tam O, ti s6 k biét:
a)d:5x—2y+2=0,tisd k=3 b)d:3x+y—-4=0,tisék=-2
c)d:4x—y:0,tisék:% d)d:x+3y—2:0,tisék:—§

Bai tap tong hop
Bai 1. Trong mit phing Oxy cho 2 diém A(3;-2) va B(-1;5); duong thang d: 2x + 3y
-5=0
a) Xac dinh anh cua diém A va duong thang d qua Phép tinh tién theo.v = (2;-1)
b) Xéc dinh diém M sao cho B=T,(M).

Bai 2. Trong mit phang Oxy cho duong thang A: 3x — 5y + 1="0 va duong tron
(C) (x - 3)2 + (y + 4)?= 9. Xac dinh anh cua A va dudng tron qua phép quay tdm O goéc
quay 90°.
Bai 3. Trong mat phang Oxy cho dudng tron (C ): X2 +y2 — 4x + 6y - 1 = 0. Xac dinh
anh caa duong tron qua:
a) Phépvitytam Otisé k =2
b) Phép dong dang khi thuc hién lién-tiép phép quay tm O gdc quay 90° va phép
V(o,—3) :
Bai 4.
a) Tim toa d6 cua C' la.anh'cua diém C(3; -2) bang cach thyc hién lién tiép phép
tinh tién theo vecto V= (—2;4) va phép vi tu thm O, ti s 2.
b) Tim toa do-anh cua-diém D(-5; 1) bing cach thuc hién lién tiép phép tinh tién
theo veeto v =(3;2) va phép quay tam O, géc 90°.
c¢) Tim toa d6 cta E’ 1a anh caa diém E(5; 2) bang cach thuc hién lién tiép phép vi
tu thm O, ti s6 -3 va phép quay tdm O, goc - 90°.
Bai 5. Cho hinh vuéng ABCD tam O, M 1a trung diém cua AB, N 14 trung diém cua
OA. Tim anh cia A AMN qua phép quay tam O, géc quay 90°.
Bai 6. Cho hinh luc giac déu ABCDEF theo chiéu duong, O 1a tim duong tron ngoai
tiép cuia n6. Tim anh cua A OAB qua phép doi hinh c¢6 duoc bang cach thuc hién lién
tiép phép quay tam O, géc quay 60° va qua phép tinh tién theo vecto OE.
Bai 7. Cho hinh luc giac déu ABCDEF theo chiéu duong, O 1a tim duong tron ngoai
tiép cua no. I 1a trung diém cua AB.
a) Tim anh cua A AIF qua phép quay Q

(0,120°)
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b) Tim anh cia A AOF qua phép quay Q

(E,60")
Bai 8. Cho hai hinh vudng ABCD va BEFG. Tim anh cia A ABG trong phép quay
tam B, goc quay -90°.
Bai 9. Tim anh cua cac duong tron (C) sau qua phép vi tu tam O, ti sé k, biét:
a) (C):(x—32+(y+1)2=4tisbk=-3
b) (C):x2+y2—2x+6y—2=0,tisbk=4
¢) (C): (x+2)2+(y—8)2=9 tisdk= %
d) (C):x2+y2+6x—18y+3=0,tisdk= —%
Bai 10. Cho tam gidc ABC vudng tai A, G la trong tdm cua tam giac. Tim-anh caa tam
gidc ABC qua phép vi tu:

a)TémG,tisék:% b) TAM G, i 56 k = 2 ¢) TAm A, ti 56 k = -2

Bai 11. Cho tam giac ABC, G la trong tam tam giac. Goi D, E, F theo tht tu la trung
diém cua cac canh BC, CA, AB. Xéc dinh anh.cia'tam giac ABC qua phép vi ty tam

Gtisbk= L.
>

[CHUYEN DPE 2. PAl CUONG VE PUONG THANG VA MAT,|

PHANG TRONG KHONG GIAN
Dang 1. Bai toan veé giao tuyén

A. Ly thuyét
Co sé cua phuwong phap.tim giao tuyén caa hai mat phang (o) va (3) can thyc hién:

e Budc I»Timhai diém chung A va B cua (a) va (5).
e Buréc 2: Puong thang AB la giao tuyén can tim (AB = () N(B)).
B. Bai tap
Bai 1. Cho S 1a mot diém khong thudc mat phang chira hinh binh hanh ABCD.
a) Tim giao tuyén caa (SAC) va (SBD).
b) Goi N l1a trung diém BC. Tim giao tuyén cua (SAN) va (ACD).
Bai 2. Cho hinh binh hanh ABCD va diém M khong nam trong mat phang chira hinh
binh hanh ABCD.
a) Tim giao tuyén caa (MAC) va (MBD).
b) Goi N Ia trung diém BC. Tim giao tuyén cua (AMN) va (ACD); (AMN) va
(MCD).
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Bai 3. Cho hinh chop S.ABCD c¢6 day ABCD la hinh thang (AB // CD va AB > CD).
Tim giao tuyén cua cac mat phang:

a) (SAB) va (ABCD) b) (SAD) va (SBC); c) (SAC) va (SBD).
Bai 4. Cho hinh chép S.ABCD c6 day ABCD la tir giac 16i (AB > CD).

a) Tim giao tuyén caa cac mit phang: (SAC) va (SBD), (SBC) va (SCD), (SAD)

va (SBC).

b) Goi N 1a trung diém cua BC. Tim giao tuyén cia (SAN) va (ACD), (SAN) va

(SCD).
c) Goi H thuoc SD sao cho DH > SH va K thudc SC sao cho KS > KC. Tim giao
tuyén cua (AHK) véi cac miat phang (SCD), (ABCD), (SAB).
Bai 5. Cho hinh chép S.ABCD, day ABCD la tt gi4c c6 cac canh dbidién khong song
song. Ly diém M thudc mién trong tam giac SCD. Tim giao tuyén ctia cac mat phang
sau:

a) (SBM) va (SCD) b) (ABM) va (SCD)

c) (ABM) va (SAC) d) (ABM) va (SAD)

Bai 6. Cho hinh chép S.ABCD c¢6 day ABCD la hinh thang nhan canh AB lam day
I6n. Goi E, F 1a trung diém SA, SC. M 1a mot diém tuy y trén SD. Tim giao tuyén cua
cac mat phang sau:

a) (SAC) va (SBD) b) (SAD) va (SBC) c) (MEF) va (MAB)
Bai 7. Cho t& dién ABCD vdi | 13 trung diém BD. Goi E, F Ia trong tdm cua cac tam
giac ABD va CBD. Tim giao tuyén.cua/'cac mit phiang sau:

a) (IEF) va (ABC) b) (IAF) va (BEC).
Bai 8. Cho tir dién ABCD Vi)l 1a trung diém canh AD. Goi M, N 13 hai diém tly y
trén AB, AC. Tim giao'tuyén cua (IBC) va (DMN).
Bai 9. Cho bén diém khong dong phang A, B, C, D. Goi M, N lan luot 13 trung diém
AD va BC.

a) Xac dinh giao tuyén cua (MBC) va (DNA).

b) Cho I;-J lan luot 1a hai diém nam trén AB va AC. Xac dinh giao tuyén cua

(MBC) va (1JD).

Bai 10. Cho ti dién ABCD va diém M thudc mién trong tam giac ACD. Goi |, J twong
tmg 13 hai diém trén canh BC va BD sao cho 1J khdng song song véi CD.

a) Tim giao tuyén cua (1JM) va (ACD).

b) Lay diém N thudc mién trong caa tam giac ABD sao cho JN cét AB tai L. Tim
giao tuyén cua (MNJ) va (ABC).

Bai 11. Cho hinh chép S.AECD, day ABCD c6 AB cit CD tai E, AC cit BD tai F.

a) Tim giao tuyén cua cac cap mat phang (SAB) va (SCD), (SAC) va (SBD).
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b) Tim giao tuyén cua (SEF) véi cac mit phang (SAD), (SBC).
Bai 12. Cho tu dién ABCD. Goi I, J 1a cac diém nam trén AB, AD véi Al =% IB, Al
= 3/2 JD. Tim giao tuyén cua (C1J) va (BCD).
Bai 13. Cho t& dién ABCD. Goi I, J va K lan lugt 1a cac diém trén canh AB, BC va

CD sao cho Al = %AB, BJ = %BC, CK = %CD. Tim giao tuyén cua (IJK) véi

(ABD).
Bai 14. Cho hinh binh hanh ABCD va S khéng nim trong mat phang chira hinh binh
hanh. Goi M, N, E lan luot 13 trung diém cua AB, BC, SD. Tim giao tuyén cia (MNE)
véi cac mit phang (SAD), (SCD), (SAB), (SBC).
Bai 15. Cho hinh binh hanh ABCD va S khéng nam trong mat phang chira hinh binh
hanh. Goi M, E lan luot 13 trung diém caa AB, SD. N 1a diém d6i xangvéi B qua C.
Tim giao tuyén cua (MNE) véi cc mit phang (SCD), (SBD), (SAD)va (SAB).
Bai 16. Trong mat phing (P) cho tu giac 16i ABCD cd.céc canh-ddi dién khong song
song. M 1a mot diém khdng nam trong mit phang (P).-Tim'giao tuyén cua cac cap mit
phang sau:

a) (MAB) va (MCD) b) (MAD) va (MBC).
Bai 17. Cho tir dién ABCD. M la mot diém-bén trong tam giac ABD, N 1a mot diém
bén trong tam giac ACD. Tim giao tdyén cua cac cap mat phang (AMN) va (BCD),
(DMN) va (ABC).
Bai 18. Cho tu dién ABCD. Goi |, J.lan luot Ia trung diém cia AD, BC.

a) Tim giao tuyén cua-(IBC) Vi (JAD).

b) Goi M 1a mot diém trén canh AB, N 1a mot diém trén canh AC. Tim giao tuyén
cua hai mat phang (IBC) va/(DMN).
Bai 19. Cho hinh chép S.ABC. Goi M 1a diém nam trén canh SA, N 1a diém nam trén
canh SB va P la-diém nam trong mat phang (SBC). Tim giao tuyén cua (MNP) véi
(SAC).
Bai 20. Cho hinh chép S.ABCD. Goi M, N, P lan luot 1a cac diém nam trén SA, SB,
SD. Tim giao tuyén caa mat phang (MNP) véi cac mat phiang (ABCD), (SBC), (SCD)
va (SAD).
Bai 21. Cho hinh chép S.ABCD c6 day ABCD la hinh binh hanh tdm O. Goi M, N, P
lan luot 1a trung diém cua BC, CD, SO. Tim giao tuyén caa mat phang (MNP) véi cac
mit phang (SAB), (SAD), (SBC) va (SCD).
Bai 22. Cho ti dién ABCD ¢6 |, J lan luot 1a trung diém caa AC, BC, K 1a diém thudc
BD sao cho KD < KB. Tim giao tuyén cua:

a) (1JK) va (ACD) b) (1JK) va (ABD).
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Bai 23. Cho hinh chép S.ABCD c6 day 1a hinh binh hanh. Goi M, N lan luot 1 trung
diém cua SB, SD. Piém P 1a diém thugc SC sao cho PC < PS. Tim giao tuyén cua:

a) (SAC)va (SBD) b) (MNP) va (SBD) ¢c) (MNP) va (SAC)

d) (MNP) va (SAB) e) (MNP) va (SAD) f) (MNP) va (ABCD).
Bai 24. Cho hinh chép S.ABCD c¢6 day 1a hinh thang v6i AD la day 16n. Goi M, N Ian
luot 1a trung diém cua BC, CD. Tim giao tuyén cua:

a) (SAC)va (SBD) b) (SMN) va (SAD) c) (SAB) va (SCD)

d) (SMN)va (SAC) e) (SMN) va (SAB)

Bai 25. Cho hinh chép S.ABCD c¢6 day 1a hinh binh hanh. Goi I, J, K lan luot 1a trung
diém cua BC, CD, SA. Tim giao tuyén cua:

a) (JK) va (SAB) b) (1JK) va (SAD)

c) (UK) va(SBC) d) (JK) va (SBD).

Bai 26. Cho tir dién ABCD ¢6 M, N, P lan luot nam trén canh AB,AC, BD sao cho
MN khdng song song véi BC va MP khdng song song véi AD=Tim giao tuyén cua:

a) (MNP)va (ABC) b) (MNP) va (BCD) ¢) (MNP) va (ACD).
Bai 27. Cho hinh chép S.ABCD day 14 hinh thang day 16n AD. Goi | 1a trung diém
caa SA, J 1a diém thudc AD sao cho JD = % AD, K 14 diém thugc SB sao cho SK =
2.BK. Tim giao tuyén:

a) (JK) va (ABCD) b) (IIK) va (SBD) c) (LK) va (SBC).

Bai 28. Cho hinh chép S.ABCD c6 day'la hinh binh hanh tim O. Liy N, M lan luot
thugc SA, SB sao cho BM = %: BS; SN = %. SA. Tim giao tuyén cua:

a) (OMN) va (SAB) b) (OMN) va (SAD)

c) (OMN) va (SBC) d) (OMN) va (SCD).

Dang 2. Bai toan dwong thang song song véi mét phiang
A. Ly thuyét
Phwong phap 1

Co s& cua phuong phap 1a dung diéu kién can va da dé chang minh duong thang d
song song véi mat phang ().
e Buwdéc 1: Quan sat va quan Ii gia thiér tim dwong thang wu viét A C (o) va
ching minh d /| A,
e Buéc 2: Kétlugn d /| ().
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d

Y

Co s& ctia phuong phap 13 dung dinh 1y phuong giao tuyén song song.

Phwong phap 2

e Buoc 1: Chung minh

B. Bai tap
Bai 1. Cho hinh chép S.ABCD c6 day ABCD I hinh binh hanh. Goi M, N lan luot 12
trung diém céac canh AB va CD.
a) Chang minh MN // (SBC) , MN // (SAD).
b) Goi P la trung diém canh SA. Chimg minh SB va SC déu song song Voi
(MNP).
¢) Goi G,, G, lan luot la trong thm cua AABC va ASBC. Ching minh GG, //
(SAB)
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Bai 2. Cho hinh chép S.ABCD. M, N 1a hai diém trén AB, CD. Mat phang (o) qua
MN // SA.
a) Tim céac giao tuyén cua (o) v6i (SAB) va (SAC).
b) Xac dinh thiét dién cua hinh chdp vai (o)
¢) Tim diéu kién cua MN dé thiét dién 1a hinh thang
Bai 3. Cho tir dién ABCD. Trén canh AD lay trung diém M, trén canh BC l4y trung
diém N bat ky. Goi (« ) 1a mat phang chira duong thang MN va song song véi CD .
a) Hay xac dinh thiét dién cua mat phang (« ) véi tir dién ABCD.
b) Xac dinh vi tri caa N trén CD sao cho thiét dién & hinh binh hanh.
Bai 4. Cho hinh thang ABCD c6 day 16n AB va S 1a mot diém ¢ ngoai mat phang cua
hinh thang. Goi M 12 mét diém cua CD; (o) la mat phang qua M va song-song véi SA
va BC.
a) Hay tim thiét dién caa mat phang («) véi hinh chép S.ABCD. Thiét dién la
hinh gi ?
b) Tim giao tuyén cua (c) voi mat phang (SAD).
Bai 5. Cho hinh chép S.ABCD c6 day ABCD Ja hinh'binh hanh. Goi M 1a mot diém
trén canh SC va (o) la mat phang chira AM va song song véi BD.
a) Hay néu cach dung cac giao diém.E, F ctia mat phang (o) lan luot véi céc canh
SB, SD.
b) Goi I 1a giao diém caa ME va CB,J 1a giao diém cia MF va CD. Hay chtng
minh ba diém |, J, A thang hang.
Bai 6. Cho hai hinh binh hanh ABCD va ABEF khéng cing nam trong mot mat
phang.
a) Goi O, O’ lan luotla tm cua ABCD va ABEF. Chitng minh OO’ song song véi
cac matphang.(ADF) va (BCE).

b) M, N 1a 2 diém lan luot trén hai canh AE, BD sao cho AM = %AE, BN = %BD.

Chung minh MN // (CDFE).
Bai 7. Cho hinh chop S.ABCD, c¢6 d¢ay ABCD la hinh binh hanh. Goi M, N lan luot 12
trung diém cua cac canh AB, CD.
a) Chuang minh MN song song véi cac mit phang (SBC), (SAD).
b) Goi P la trung diém cua SA. Chang minh SB, SC déu song song véi (MNP).
c) Goi Gy, G2 la trong tdm cua cac tam giac ABC, SBC. Chang minh G1G; //
(SBC).
Bai 8. Cho tir dién ABCD. G la trong tdm ciia AABD. M 1a 1 diém trén canh BC sao
cho MB = 2MC. Chung minh MG // (ACD).
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HD: Chsng minh MG song song vdi giao tuyén cia (BMG) va (ACD).
Bai 9. Cho tt dién ABCD. Goi O, O’ lan luot 13 tim dudng tron noi tiép cac tam giac
ABC, ABD. Chang minh rang:
a) Didu kién cin va di dé 00’ // (BCD) la € - AB+AC
BD AB+AD
b) Diéu kién can va du d¢&é OO’ song song vai 2 mit phang (BCD), (ACD) 1a BC =
BD va AC = AD.
HD: Si dung tinh chdr dwong phan giac trong tam giac.
Bai 10. Cho ti dién ABCD. Goi M, N lan luot 1a trung diém ctia cac canh AB, CD va
G 1a trung diém caa doan MN.
a) Tim giao diém A’ cua dudng thang AG véi (BCD).
b) Qua M ké duong thang Mx song song véi AA’ va Mx cat (BCD) tai M’. Ching
minh B, M’, A’ thang hang va BM’' = M'A’ = A'N.
c) Chung minh GA = 3GA'.

Dang 3. Bai toan hai mat phang song song
A. Ly thuyét
Phwong phap 1

Co s cua phwong phap ching minh‘hai mat phang («) va (3) song song nhau la:
e Budc 1: Ching minh mgtphang () chira hai dwong thang a,b cat nhau lan
lirot song song véi hai dwong thang a’,b’ cat nhau trong mat phang (5).
o Buoc 2: Két lugn (@) ) (B) theo diéu kién can va di.
Phwong phap 2
e Budc L: Tim hai dwong thang a,b cat nhau trong mgt phang ().
o Buot 2:\Lan luot chieng minh a /| (3) va b /| (B)
e Buéc 3: Két lugn (o) // (B).

a
><

B. Bai tap
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Bai 1. Cho hinh chép S.ABCD, c6 day 1a hinh binh hanh tam O. Goi M, N lan luot 12
trung diém cia SA, SD.

a) Chuang minh (OMN) // (SBC).

b) Goi P, Q la trung diém cia AB, ON. Chang minh PQ // (SBC).
Bai 2. Cho ttr dién ABCD. Goi I, J 13 hai diém di dong lan luot trén céc canh AD, BC

~ . IA JB
sao cho ludn c6; — =—
ID

JC
a) Chtng minh 1J ludn song song véi 1 mat phang ¢ dinh.
b) Tim tap hop diém M chia doan 1J theo ti s6 k cho trudgc.
¢) Tap hop diém M 1a doan EF véi E, F 14 cac diém chia AB, CD theo.ti s6 k.
Bai 3. Cho hinh chép S.ABCD, c6 day 1a hinh binh hanh tdm O. Goi'M, N Jan luot 12
trung diém cia SA va CD.
a) Chang minh (OMN) // (SBC).
b) Goi I 1a trung diém cua SD, J 1a mot diém trén (ABCD) va cach déu AB, CD.
Chang minh 1J song song (SAB).
¢) Gia sir hai tam giac SAD, ABC déu can tai A. Goi AE, AF la cac dudng phan
giac trong cua cac tam giac ACD va SAB. Chtng minh EF // (SAD).
Bai 4. Cho hai hinh vuéng ABCD va ABEF ¢ trong hai mat phang khac nhau. Trén
cac dudng chéo AC va BF lan luot 13y cae.diém M, N sao cho AM = BN. Cac duong
thang song song v&i AB vé tir M, N 1an luogt cat AD, AF tai M’, N'.
a) Chung minh: (CBE) // (ADF).
b) Ching minh: (DEF)*// (MNN'M").
c) Goil la trung diém cta MN, tim tap hop diém | khi M, N di dong.
HD c) Trung tuyén tam giac ODE vé tir O.
Bai 5. Cho hai ntra“dudng thang chéo nhau Ax, By. M va N 14 hai diém di dong lan
luot trén Ax, By.sao'cho AM = BN. V¢ NP=BA.
a) Chung minh MP c6 phuong khong doi va MN lubn song song véi 1 mat phang
cb dinh.
b) Goi I 1a trung diém ciia MN. Chitng minh | nam trén 1 dudng thang cé dinh khi
M, N di dong.
Bai 6. Cho tir dién ABCD c6 AB = AC = AD. Chirng minh cac duong phan giac ngoai
cua cac goc BAC,CAD, DAB ddng phang.
HD: Cung nam trong mdt phang qua A va song song véi (BCD).
Bai 7. Cho hinh chép S.ABCD day la hinh binh hanh tam O. Goi M, N lan luot la
trung diém cia SA, SD.
a) Chung minh rang : (OMN) // (SBC)
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b) Goi P, Q , R lan luot 1a trung diém cua AB, ON, SB. Chang minh : PQ //
(SBC), (MOR) // (SCD)
Bai 8. Cho hai hinh binh hanh ABCD va ABEF c6 chung canh AB va khéng dong
phang. I, J, K lan luot 1a trung diém céc canh AB, CD, EF. Chirng minh:
a) (ADF) // (BCE) b) (DIK) // (JBE)
Bai 9. Cho cac hinh binh hanh ABCD, ABEF nam trén hai mit phang khac nhau. Trén
cac duong chéo AC, BF theo thir tu 1y cac diém M, N sao cho MC = 2AM, NF =
2BN. Qua M, N lan luot ké cac dudng thang song song véi canh AB, cit cac canh AD,
AF theo thir tu tai M, N,. Chitng minh rang :
a) MN // DE
b) MiN: // (DEF)
¢) (MNM:N,) // (DEF)
Bai 10. Cho hinh chép S.ABCD c6 day 14 hinh vudng canh'a. Trén-AB lay mot diém
M véi AM = x. Goi (a) 1a mat phiang qua M va song song véi-mit phang (SAD) cat
SB, SC va CD lan luot tai N, P, Q
a) Tim thiét dién cua (o) véi mat phang hinh chdp . Thiét dién Ia hinh gi ?
b) Tim qui tich giao diém | cia MN va PQ khi M di dong trén doan AB.
¢) Cho SAD=90° va SA = a. Tinh.dién tich cua thiét dién theo a va x. Tinh x dé
dién tich d6 bang %
Bai 11. Cho hai hinh binh hanh ABED va ABEF c6 chung canh AB va nam trong hai
mat phang phan biét . Goi M, N thir tu 1a trung diém cia AB, BCva |, J, K theo thir
tu la trong tdm céc tam giac ADF, ADC, BCE. Chung minh (1JK) // (CDFE).
Bai 12. Cho tir diégn ABECD:. GoiG,,G,,G, lan luot 12 trong thm cua cac tam giac ABC,
ACD, ADB.
a) Chang minh : (G1G2Gs) // (BCD)
b) Tim.thiét dién cua te dién ABCD vai mit phang (G1G2G3). Tinh dién tich thiét
dién theo dién tich cua tam giac BCD la S.
Bai 13. Cho hai tia chéo nhau Ax, By. Hai diém M, N lan luot di dong trén Ax, By sao
cho AM = BN. Chting minh rang duong thang MN lubn ludn song song véi mot mat
phang cé dinh.
Bai 14. Cho ta dién ABCD. Goi |, J lan luot 14 trung diém cia AB va CD. Mot mit
phang qua IJ cit cac canh AD va BC lan luot tai N va M. Cho trude diém M, hay
trinh bay céch dung diém N. Xét trudong hop dic biét khi M 1a trung diém cua BC.
Goi K 1a giao cia MN va 1J. Chttng minh rang : KM = KN.
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Dang 4. Bai toan dwong thang vudng goc véi mat phang
A. Ly thuyét

Phwong phap 1
Pé chimg minh dudng thang 4 vubng goc véi mit phang (a) ta chitng minh d
vudng goc vai hai dudng thang a,b cat nhau nam trong («).

d

g dl1la
I
>< T )
a ' a,b C (P) \

anNnb=1

Phuwong phap 2
Strdung tinh chat: d / A ma A L (a) thi d L (),

d A

Phwong phap 3
Néu hai mat phang-(a), (8) vudng goéc véi nhau va cat nhau theo giao tuyén A,
duong thang nao nam trong mat phang (3) ma vubng goc véi giao tuyén A thi

vudng gocvéi mat phang ().
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Phwong phap 4
Néu hai mat phang phan biét cung vudng goc véi mat phang thirba thi giao tuyén
cua ching vuéng goc véi mit phang tha ba do.

N

‘‘‘‘ - (P) L (R)
DG @ L(R) =al(R).
; (P)N Q) =a

B. Bai tap
Bai 1. Cho hinh chép S.ABCD, c6 day la hinh vuéng tam O, SA L (ABCD). Goi H, I,
K lan luot 12 hinh chiéu vudng géc cua A trén SB, SC, SD.
a) Chang minh: BC L (SAB), CD L (SAD), BD L (SAC).
b) Chiang minh: AH, AK ciing vubng goc véi SC. Tir d6, suy ra 3 dudng thang
AH, Al, AK cling nam trong mot mit phang.
c) Chang minh : HK L (SAC). Tu d6, suy ra HK 1 Al.
Bai 2. Cho ti dién S.ABC c6 tam gidc ABC vubng tai B; SA L (ABC).
a) Chang minh: BC L (SAB).
b) Goi AH la duong cao cua ASAB. Chang minh: AH 1L SC.
Bai 3. Cho hinh chép SABCD, c6 day ABCD la hinh thoi tim O. Biét SA = SC, SB =
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a) Chang minh: SO L (ABCD).

b) Goi l, J lan luot 14 trung diém cua cac canh BA, BC. Chang minh 1J L (SBD).
Bai 4. Cho tir dién ABCD c6 ABC va DBC 1a 2 tam giac déu. Goi I 1a trung diém cua
BC.

a) Chang minh: BC L (AID).

b) V& duong cao AH cua AAID. Chiang minh: AH L (BCD).

Bai 5. Cho tir dién OABC c6 OA, OB, OC d6i mot vubng géc véi nhau. Goi H la hinh
chiéu vudng gdc caa diém O trén (ABC). Chirtng minh rang:

a) BC L (OAH).

b) H la truc tm cua tam giac ABC.

0) 1 _ 1 N 1 N 1 .

OH’> O0A* 0B* 0C*

d) Céc goc cua tam giac ABC déu nhon.

Bai 6. Cho hinh chop S.ABCD, c¢6 day la hinh vuong canh a. M3t bén SAB la tam giac
déu; SAD la tam giac vudng can dinh S. Goi 1, J lan Juot1a trung diém cua AB va CD.

a) Tinh céc canh cua ASIJ va chitng minh rang SI-L (SCD), SJ L (SAB).

b) Goi H Ia hinh chiéu vudng goc cua S trén 1J. Chieng minh: SH L AC.

¢) Goi M la mot diém thudc duong thang CD sao cho: BM L SA. Tinh AM theo a.
Bai 7. Cho hinh chop SABCD c¢6 déy la hinh vudng canh a, mat bén SAB la tam giac

dduvasC=a+>2. Goi H va K lanluot 14 trung diém cua cac canh AB va AD.
a) Chang minh: SH L (ABCD).
b) Chang minh: AC 1"SK'va CK L SD.
Bai 8. Cho hinh chép S.ABCD, c6 day la hinh chit nhat co AB = a, BC = a+/3, mat
bén SBC vudng tai B, mit bén SCD vudng tai D ¢6 SD = a+/5.
a) Ching minh:SA L (ABCD) va tinh SA.
b) Puong thang qua A va vudng goc voi AC, cat cac duong thang CB, CD lan luot
tai 1, J. Goi H 1a hinh chiéu cta A trén SC. Hay xac dinh céc giao diém K, L cua
SB, SD vai (HI1J). Ching minh: AK L (SBC), AL L (SCD).
c) Tinh dién tich tir gidc AKHL.
Bai 9. Goi I 1a 1 diém bat ki ¢ trong duong tron (O;R). CD la day cung cua (O) qua I.
Trén duong thang vudng goc véi mit phang chaa duong tron (O) tai | 1ay diém S véi
OS = R. Goi E 14 diém ddi tim caa D trén duong tron (O). Ching minh:
a) Tam gidc SDE vubng tai S.
b) SD L CE.
c) Tam giac SCD vudng.
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Bai 10. Cho AMAB vudng tai M & trong mat phang (P). Trén duong thang vudng gdc
vé6i (P) tai A lay 2 diém C, D ¢ hai bén diém A. Goi C' 14 hinh chiéu cua C trén MD, H
1a giao diém ciia AM va CC'.

a) Chung minh: CC' L (MBD).

b) Goi K Ia hinh chiéu ciia H trén AB. Ching minh: K 1a truc tam cua ABCD.
Bai 11. Cho hinh tr dién ABCD.

a) Chuang minh ring: AB L CD < AC2— AD? = BC?- BD?

b) Tur do, suy ra néu mét t& dién c6 2 cip canh d6i vubng goc véi nhau thi cap

canh ddi con lai ciing vudng gdc vai nhau.

Dang 5. Bai toan hai mat phang vudng géc
A. Ly thuyét
Phuwong phap 1
Muén ching minh hai mat phang vudng goc véi nhau‘ta.chang minh mit phang nay
chtra mot duong thang vudng géc mat phang kia.

a

4 1(9)
ﬂ /dc(a)’:»m)uﬁ)

Phwong phap 2

Sir dung tinh chit: EO‘)){ (5)

gl
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b o—— — ——

Phwong phap 3
Str dung tinh chat (o) L d, ma d // (8) hoic d C (B) thi (). L(3).

B. Bai tap
Bai 1. Cho tam gide-déu ABC, canh a. Goi D 1a diém ddi xang véi A qua BC. Trén
duong thang vudng goc véi (ABC) tai D lay diém S sao cho SD = a+/6 . Ching minh
hai mat phang (SAB) va (SAC) vubng gdc véi nhau.
Bai 2. Cho hinh tir dién ABCD cé hai mat (ABC) va (ABD) cung vuéng géc véi day
(DBC). Vé cac duong cao BE, DF cua ABCD, duong cao DK cua AACD.

a) Chang minh: AB L (BCD).

b) Ching minh 2 mat phang (ABE) va (DFK) ciing vuéng géc véi (ADC).

¢) Goi O va H lan luot 14 tryc tdm cua 2 tam gidc BCD va ADC. Chang minh:

OH L (ADC).

Bai 3. Cho hinh chép S.ABCD, day ABCD la hinh vuéng, SA 1L (ABCD).
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a) Chung minh (SAC) L (SBD).
b) Tinh gdc giira hai mat phang (SAD) va (SCD).
¢) Goi BE, DF Ia hai duong cao cua ASBD. Chang minh : (ACF) L (SBC), (AEF)
1 (SAC).
Bai 4. Cho hinh chép S.ABCD c6 day ABCD la hinh vuéng canh a, SA L (ABCD).
Goi M, N 1a 2 diém lan lugt & trén hai canh BC, DC sao cho BM = g DN = %“
Chang minh 2 mat phang (SAM) va (SMN) vudng géc véi nhau.
Bai 5. Cho tam giac ABC vudng tai A. Vé BB’ va CC' cung vudng goc vai (ABC).
a) Chung minh (ABB’) L (ACC').
b) Goi AH, AK 1a cac dudng cao cua AABC va AAB'C’. Ching.minh2 mat phang
(BCC'B') va (AB'C’) cling vubng goc véi mat phang (AHK).
Bai 6. Cho hinh chép S.ABCD, day ABCD la hinh vuong canh a, mat bén SAB la tam
giac déu va vudng goc véi day. Goi I 1a trung diém caa AB.
a) Chtng minh rang SI L (ABCD), AD L (SAB).
b) Tinh goc gitra BD va (SAD).
c) Tinh goc gitra SD va (SCI).
Bai 7. Cho tam gidc ABC vudng tai A.c6. AB'=c, AC = b. Goi (P) 1a mat phang qua
BC va vudng goc véi (ABC); S 1a 1.diém di dong trén (P) sao cho S.ABC la hinh chop

c6 2 mit bén SAB, SAC hopvéi'day ABC hai goc c6 sé do 1an luot 13 o va %—a.

Goi H, 1, J Ian luot 1 hinh chiéu vubng goc cua S trén BC, AB, AC.
a) Chtng minh rang;SH2 = HI.HJ.
b) Tim gia trilén nhatcua SH va khi d6 hay tim gia tri cta o.
Bai 8. Cho hinh.tr dién ABCD c6 AB=BC =a, AC=b,DB=DC =x, AD =y. Tim
hé thic lién hé gitra a, b, x, y dé:
a) Matphang (ABC) L (BCD).
b) Mat phing (ABC) L (ACD).
Bai 9. Cho hinh chop S.ABCD, day ABCD Ila hinh vuong canh a, SA L (ABCD); M
va N 12 hai diém nam trén c&c canh BC, CD. Pat BM = x, DN =y.
a) Chuang minh rang diéu kién can va da dé hai mat phang (SAM) va (SMN)
vuodng goc véi nhau 1a MN L (SAM). Tu do, suy ra hé thuc lién hé gitra x vay.
b) Chung minh rang diéu kién can va du dé goc giira hai mat phang (SAM) va
(SAN) c6 sb do bang 30° 12 a(x +y) + 3 xy = a2/3.
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Bai 10. Cho hinh chdp S.ABCD c6 day ABCD la hinh thoi tam I canh a va c6 goc A
biing 60°, canh SC = % va SC 1 (ABCD).

a) Chung minh (SBD) L (SAC).

b) Trong tam gidc SCA ké IK L SA tai K. Tinh d¢ dai IK.

¢) Chtng minh BKD =90° va tir 6 suy ra (SAB) L (SAD).

Dang 6. Bai toan vé gdc giira dwong thing, mit phang
A. Ly thuyét
1. G6c giira dwdng thang va mat phang
Pé xac dinh goc giita duong thang d va mat phang («) ta thuc hiénnhu sau:

Budc 1: Xéc dinh hinh chiéu vuong goc cia d xubng mat phang (o) la d'.
e Tim giao diém O = d N ().
e Dung hinh chiéu vudng goc cua A xudng () Aa“H (chon duong thang di
qua A vawvudng goc véi («)).
Buéc 2: Goc giira duong thang d va d'.1a goc dwong thang d va mat phang («).

Tinh s6 do cua goc d6 bang hé thic luong trong tam giac vuéng.

2. GAc gitra hai mat phang
Phwong phap ' 1
Tim hai duong thang a,b lan luot vubng goc véi hai mat phang («) va (). Khi do,

goc giira hai dudng thang a,b chinh 1a gdc gitra hai mat phang («) va (3).
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a L (a) o d N

b L] @D = @)

Phwong phap 2
Xac dinh giao tuyén A cua (a) va (6).

Lay diém | € A. Trong () dung a L A tai . Trong (8) dung b L A taiJ .
Khi d6 goc gitra hai duong thang a,b chinh 1a gdc giita hai mat phang (o) va (3).

e =\
I
Phwong phap 3

Xac dinh giao tuyén A cuaf(a) va(8).
Trong (B)lay diém A, Dyng-hinh chiéu H cua A xudng mat phang (a).
Tu H dung HI L A.

Khi d6 goc AHI 14 gdc giita hai mat phang (o) va (3).

A /b

=
1 H
Phwong phap 4

Xac dinh giao tuyén A cua (o) va (8).
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Chon mat phang (y) L A.
Tim céc giao tuyén a = (y) N (), b = (7) N ().
Khi d6, géc gitra hai duong thang a,b chinh 1a gc giira hai mat phang (a) va (3).

B. Bai tap
Bai 1. Cho hinh chép S.ABCD, c¢6 day ABCD la hinh vuong.canh a, tam O; SO L
(ABCD). Goi M, N lan luot 1a trung diém coa cac. Canh SA va BC. Biét
(MN,(ABCD)) =60°.

a) Tinh MN va SO.

b) Tinh goc gitra MN va (SBD).
Bai 2. Cho hinh chop S.ABCD, c6 day:ABCD Ia hinh vudng canh a; SA L (ABCD) va
SA = a+6 . Tinh goc gitra:

a) SC va (ABCD) b) SC va (SAB) c) SB va (SAC) d) AC va (SBC)

Bai 3. Cho hinh chop S.ABCD, c6 day ABCD la hinh chit nhat; SA L (ABCD). Canh
SC = a hop véi day-goée oo va hop vai mat bén SAB goc .
a) Tinh SA.

b) Chirng minh: AB = a\/cos(a+ﬁ).cos(a—,8) :

Bai 4. Cho hinh chép S.ABC, c6 ABC la tam giac can, AB = AC = a, BAC =« . Biét
SA, SB, SC déu hop véi mat phang (ABC) géc a.

a) Ching minh hinh chiéu cua S trén (ABC) la tm cua duong tron ngoai tiép

AABC.

b) Tinh khoang cach tir S dén (ABC).
Bai 5. Cho liang tru ABC.A'B'C’, ¢6 ddy la tam giac déu canh a, AA’ L (ABC). Puong
chéo BC' cua mit bén BCC'B’ hgp vai (ABB'A’) gdc 30°.

a) Tinh AA'.
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b) Tinh khoang cach tir trung diém M ctua AC dén (BA'C').

¢) Goi N 1a trung diém caa canh BB'. Tinh géc gitra MN va (BA'C').
Bai 6. Cho lang tru ABC.A'B'C’, c6 day ABC la tam giac vuong can tai A; AA’ L
(ABC). Poan ndi trung diém M cia AB va trung diém N caa B'C’ ¢6 d6 dai bang a,
MN hop véi day goc o va mat bén BCC'B’ géc p.

a) Tinh cac canh day va canh bén cua lang tru theo a va a.

b) Chuang minh ring: cosa = /2 sin.
Bai 7. Cho hinh chop S.ABC, c6 day ABC la tam giac vuong can véi BA = BC = g;
SA 1 (ABC) va SA = a. Goi E, F lan luot 14 trung diém cua cac canh ABwva AC.

a) Tinh goc giira hai mat phang (SAC) va (SBC).

b) Tinh gdc gitra 2 mat phang (SEF) va (SBC).
Bai 8. Cho hinh vuéng ABCD canh a, tdm O; SA L (ABCD): Tinh SA theo a dé s6 do
cua goc giita hai mat phang (SCB) va (SCD) bang 60°.
Bai 9. Cho hinh chép S.ABCD, c6 day ABCD la nira‘luc gidc.déu noi tiép duong tron
duong kinh AB = 2a; SA L (ABCD) va SA = a+/3.

a) Tinh gdc giira 2 mat phang (SAD) va (SBC).

b) Tinh goc giita 2 mat phang (SBC) va(SCD).
Bai 10. Cho hinh vuéng ABCD canh'a, SA L (ABCD) va SA = a\/3. Tinh goc gitta
c4c cap mat phang sau:

a) (SBC) va (ABC) b) (SBD) va (ABD) c) (SAB) va (SCD)
Bai 11. Cho hinh thoi ABCD-canh a, tim O, OB = “f; SA L (ABCD) va SO =
a6

ot

a) Chuang minh ASC vuong.
b) Chang minh hai mat phang (SAB) va (SAD) vudng géc.
c) Tinh géc giita hai mat phang (SBC) va (ABC).
Bai 12. Cho hinh chop S.ABCD c6 SA 1 (ABCD) va SA = a«/f, day ABCD la hinh
thang vuéng tai A va D vai AB = 2a, AD = DC = a. Tinh g6c giita c4c cap mat phang:
a) (SBC)va (ABC) b) (SAB) va (SBC) c) (SBC) va (SCD)

Dang 7. Bai toan vé khoang céch giira hai dwong thang chéo nhau

A. Ly thuyét
Puong vudng goc chung ciia hai dudng thang chéo nhau A va A' 1a dudng thang a
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cit A M vacat A' & N dong thoi vudng goc voica Ava A'.
Poan MN duogc goi 1a doan vudng goc chung cua hai duong thang chéo nhau Ava
A'.

A!

N/

/

Phuwong phap 1
Chon mit phang (a) chira duong thang A va song/song.véi A'. Khi do
d(AA") =d(A" ().

i

Dung hai mit phing song song.va lan luot chira hai duong thang. Khoang cach giira
hai mat phang d6 1a khoangcach can tim.

yd
L=/

Phwong phap 3 Dung doan vudng géc chung va tinh d6 dai doan do.
Truong hop 1: A va A' vira chéo nhau vira vudng goc védi nhau

Phwong phap 2

Budc 1: Chon mit phiang (a) chira A' va vudng goc véi A tai 1.
Budc 2: Trong mat phang (o) ké IJ L A,
Khi d6, IJ 1a doan vudng goc chung va d(AA') = 1J .
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(="

Truong hop 2: A va A' chéo nhau ma khéng vuong goc véi nhau

Budc 1: Chon mit phang (a) chira A' va song song véi A.

Budc 2: Dung d 1a hinh chiéu vudng goc ciia A xudng (o) bang cach lay diém
M € A dung doan MN 1 « , lic @6 d 1a duong thang di qua N va song song véi
A

Bude 3: Goi H=dNA',dung HK /| MN

Khi d6, HK 1a doan vudng goc chung va d(A,A') = HK =_MN .

K M A
]

A!

B. Bai tap
Bai 1. Cho hinh tr dién OABC, trong d6 OA, OB, OC = a. Goi I 14 trung diém cua
BC. Hay dung va tinh-d6 dai doan vudng gdc chung cia céc cap dudng thang:

a) OAvaBC. b) Al va OC.
Bai 2. Cho hinh chép S.ABCD, day ABCD 1la hinh vuéng tam O, canh a, SA L
(ABCD) va.SA = a. Tinh khoang céach giita hai duong thang:

a) SCvaBD. b) ACvaSD.
Bai 3. Cho ttr dién S.ABC c6 SA L (ABC). Goi H, K lan luot 12 tryc tdm cua cac tam
gidc ABC va SBC.

a) Chung minh ba duong thang AH, SK, BC ddng qui.

b) Chuang minh SC 1 (BHK), HK L (SBC).

C) Xac dinh duong vubng géc chung cua BC va SA.
Bai 4. Cho t dién ABCD. Ching minh ring néu AC = BD, AD = BC thi duong
vubng goc chung ciia AB va CD la duong ndi cac trung diém I, K cua hai canh AB va
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CD . Chang minh rang néu duong thang ndi cac trung diém |, K cia hai canh AB va
CD cua tr dién ABCD la duong vudng goc chung cua AB va CD thi AC = BD, AD =
BC.

Bai 5. Cho hinh vuéng ABCD canh bang a, I 1a trung diém caa AB. Dung IS L

a3

(ABCD) va IS = - Goi M, N, P lan luot 1a trung diém cua cac canh BC, SD, SB.

Hay dung va tinh do dai doan vudng goc chung cua cac cap duong thang:
a) NPvaAC b) MN va AP.

Dang 8. Bai toan vé khoang cach giira diém véi dwong thang; diém véi mat phiang
va dwong thang véi mat phang
A. Ly thuyét
1. Khoang cach giira dwong thang va mit phang
Khoang cach giira duong thang A va (a):
e Néu A cit (o) hoic A namtrong («) thi d(Ay(a))= 0.
e NéUA /(o) thi d(A, (@) = d(M,(a)):

M A

L0 )

2. Khoang céch gitra hai mat phang

Khoang céch giita hai mat’phang (o) va (3)
e Néu (a)cat (8) hoic (o) = (8) thi d((a),(8)) = 0.
e Néu (a)y/ (8) thi d((@),(8)) = d(M,(B)).

B. Bai tap
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Bai 1. Cho tir dién ABCD c6 AC = BC = AD = BD = a, AB = ¢, CD = ¢’. Tinh
khoang cach giita hai dudng thang AB va CD.
Bai 2. Cho hinh ling tru ABC.A’B’C’ ¢4 tat ca cac canh déu bang a. Goc tao bdi canh
bén va mit phang day bang 30°. Hinh chiéu H cua diém A trén mit phang (A’B’C’)
thudc dudng thang B’C’.
a) Tinh khoang cach giita hai mit phang day.
b) Chimg minh rang hai duong thang AA’ va B’C” vudng géc, tinh khoang cach
gitra chung.
Bai 3. Cho hinh lap phuong ABCD.A’B’C’D’ ¢6 canh bang a. Tinh khoang cach gitra
hai dudng thang BC’ va CD’.
Bai 4. Cho hinh hop chir nhat ABCD.A’B’C’D’ ¢c6 AB=AA’=a, AC’ =2a.
a) Tinh khoang cach tir diém D dén mit phiang (ACD”).
b) Tim duong vudng goc chung ciia cac dudng thing AC’ va CD’. Tinh khoang
cach giita hai duong thang ay.
Bai5 Cho  hinh  hop  thoi ABCD.A’B’C’'D’c6  cac  canh  déu
bing a va BAD = BAA'=DAA'=60°. Tinh khoang cach giita hai mat day (ABCD) va
(A’B’C’D”).
Bai 6. Cho hinh chop S.ABCD c6 day la hinh chir nhat va AB = 2a, BC = a. Cac canh
bén ciia hinh chop bang nhau va bang a2,
a) Tinh khoang cach tir S dén mat phang day (ABCD).
b) Goi E vaF lan luot 1a trung diém cia cac canh AB va CD; K 1a diém bat ki
thugc duong thang AD. Chimg minh rang khoang cach giita hai duong
thang EF va SK khong phu thudc vao K, hiy tinh khoang cach d6 theo a.
Bai 7. Cho hinh chop S.ABCD, c6 SA L (ABCD) va SA = a\E, day ABCD la nura luc
giac déu noi tiép trong duong tron duong kinh AD = 2a.
a) Tinh cac kKhoang céch tir A va B dén mat phang (SCD).
b) Tinh khoang cach tir duong thang AD dén mat phang (SBC).
¢) Tinh dién tich cua thiét dién caa hinh chép S.ABCD véi miat phang (P) song
a3
¥
Bai 8. Cho hinh lang tru ABC.A'B'C’ c6 AA’ L (ABC) va AA’ = a, day ABC la tam
giac vuobng tai A c6 BC = 2a, AB = a 3.
a) Tinh khoang cach tir AA’ dén mit phang (BCC'B").
b) Tinh khoang cach tir A dén (A'BC).

song véi (SAD) va cach (SAD) mot khoang bang
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¢) Chiing minh rang AB L (ACC'A’) va tinh khoang cach tir A’ d&én mat phang
(ABC)).
Bai 9. Cho hinh chép S.ABCD c¢6 day ABCD la hinh vudng canh a, SA 1L (ABCD) va
SA = 2a.
a) Tinh khoang céch tir A dén (SBC), tir C d&én (SBD).
b) M, N lan luot 1a trung diém caa AB va AD. Chirng minh raing MN song song
vé6i (SBD) va tinh khoang cach tir MN dén (SBD).
c¢) Mat phang (P) qua BC cit cac canh SA, SD theo thu tu tai E, F. Cho biét AD

&

cach (P) mot khoang la % tinh khoang cach tir S dén mat phang (P) va dién

tich tir gidc BCFE.

Bai 10. Cho hai tia chéo nhau Ax, By hop véi nhau géc 60°, nhan AB = a 1am doan
vubng géc chung. Trén By ldy diém C véi BC = a. Goi D 1 hinh chiéu cua C trén Ax.

a)
b)

Tinh AD va khoang cach tir C dén (ABD).
Tinh khoang cach gitra AC va BD.

Bai 11. Cho hinh chép S.ABCD c6 ddy ABCD1a hinh thoi canh a va BAD =60°. Goi

O 1a giao diém cia AC va BD. Duong thing SO“L (ABCD) va SO = %‘1 Goi E I

trung diém caa BC, F 1a trung diém ctia BE.

a)
b)

Chang minh (SOF) L (SBC).
Tinh céc khoang cachtir.O va-A dén (SBC).

CHUYEN DE 3. VECTO TRONG KHONG GIAN,
[QUAN HE VUONG GOC

A. Ly thuyét

1. C4c quy tic cdng vecto

Qui'tdc ba diém: Cho ba diém A, B, C bat ky, ta c6: AB+BC = AC

Qui tic hinh binh hanh: Cho hinh binh hanh ABCD, ta cd: AB+ AD = AC
Qui tic hinh hép: Cho hinh hép ABCD.A'B'C'D', ta c6:
AB+AD +AA' = AC'

Heé thire trung diém doan thang: Cho | 13 trung diém cua doan thang AB, O
tuyy. IA+IB=0; OA+OB=20I

Hé thikc trong tdm tam giac: Cho G la trong tdm cua tam gidc ABC, O tuy
Y. GA+GB+GC=0; OA+0B+0C =30G
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e H@ thirc trong tdm tir dién: Cho G la trong tdm cua ti dién ABCD, O tuy y.
GA+GB+GC+GD=0;  OA+OB+0C+0D =40G
2. Sw ddng phing cia ba vecto
e Ba vecto duoc goi 1a ddong phang néu céc gia cua ching cling song song véi
mot mat phang.
e Piéu kién dé ba vecto ddng phiang: Cho ba vecto a,b,¢, trong d6 a va b
khong cung phuong. Khi d6: @,b,¢ dong phang < 3!'m, n € R: ¢ =md+nb
3. Tich vo hwéng cia hai vecto
e GOc giira hai vecto trong khong gian:
AB =i, AC =¥ = (il,¥) = BAC (0° < BAC <180°)
e Tich vo hwéng ciaa hai vecto trong khong gian:
Cho ii,v = 0. Khi do: i.v =il [v]. cos(a, v)
V6i i =0 hodc v =0. Qui udc: i.v =0
ulveuv=0
4. Phan tich vecto
Pé chimg minh ba vecto ddng phang, cé thé chirng'minh bang mat trong céc céch:
e Chtring minh cAc gia cua ba vectoreling song song vai mot mat phang.
e Dua vao diéu kién dé ba vecto @dng phang: Néucoé m, n € R: ¢ =md+nb thi
a,b,¢ dong phang.
Pé phan tich mot vecto %'theo ba vecto a,b,¢ khong dong phang, tim cac sé m, n, p

sao cho: X =md+nb4+ pc.

B. Bai tap
Dang 1. Chirng minh ding thire vecto
Bai 1. Cho t dién ABCD. Goi E, F lan luot 1a trung diém cua AB va CD, | la trung
diém cua EF.
a) Chung minh: JA+IB+IC+ID=0.

b) Chting minh: MA+MB+MC +MD =4MI , véi M tuy Y.
¢) Tim diém M thuoc mat phing cé dinh (P) sao cho: [MA + MB+MC+MD| nho
nhét.
Bai 2. Chtrng minh rang trong mot tir dién bt ki, cac doan thang néi trung diém cua
cac canh dbi ddng qui tai trung diém cua ching. (Piém dong qui dé dwoc goi 13 trong
tam cua tir dién).
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Bai 3. Cho ti dién ABCD. Goi A’, B/, C', D’ lan luot 1 cac diém chia céc canh AB,
BC, CD, DA theo ti s6 k (k # 1). Chang minh rang hai t& dién ABCD va A'B'C'D’ ¢
cung trong tam.
Bai 4. Cho hinh chop S.ABCD c6 day ABCD la hinh binh hanh tam O. Chang minh
rang:

a) SA+SC=SB + SD.

b) Tinh tdng: SA + SB + SC +SD
Bai 5. Cho hinh hop ABCD. A'B'C'D". Goi P, R lan luot 1a trung diém céc canh AB va
A'D"; goi P';: Q; Q'": R' lan luot 1a giao diém cua cac duong chéo cua cac mit ABCD;
CDD'C', AB'C'D', ADD'A",

a) Ching minh rang: PP'+QQ'+RR'=0

b) Hai tam gidc PQR va P'Q'R' ¢6 cuing trong tam.

Dang 2. Chitng minh ba vecto dong phing
Biéu dién mét vecto theo nhirng vecto khac
Bai 1. Cho tam giac ABC. Lay diém S nam ngoai'mat phang (ABC). Trén doan SA

ldy diém M sao cho MS=-2MA va trén.doan BC 13y diém N sao cho ﬁ:—%N—C.
Chung minh ring ba vecto AB, MN,SC.ddng phang.
HD: Ching minh W%A_'B%E.
Bai 2. Cho hinh hop ABCD.EFGH. Goi M, N, I, J, K, L lan luot 12 trung diém ciia cac
canh AE, CG, AD, DH, GH, FG: P va Q lan luot 14 trung diém caa NG va JH.

a) Ching minh ba veeto MN,FH,PQ ddng phang.

b) Ching minh ba vecto IL,JK,AH ddng phang.
Bai 3. Cho hinh lang tru ABC.DEF. Goi G, H, I, J, K lan luot 1a trung diém cua AE,
EC, CD, BC, BE.

a) Chung minh ba vecto AJ,GI,HK d6ng phang.

b) Goi M, N Ian lugt 1 hai diém trén AF va CE sao cho % - S;_Z - % Céc duong

thang vé& tir M va N song song véi CF lan luot cat DF va EF tai P va Q. Chung
minh ba vecto m@& d6ng phang.
Bai 4. Cho hinh hop ABCD.A'B'C'D’. Goi M va N lan luot 13 trung diém cua CD va
DD'; G va G’ lan luot 1 trong tdm cua cac ti dién A’'D’'MN va BCC'D’. Chang minh
rang duong thang GG’ va mat phang (ABB’A") song song véi nhau.
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Bai 5. Cho tr dién OABC. Goi G la trong tdm cua tam giac ABC.
a) Phan tich vecto OG theo cac ba OA,OB,OC .
b) Goi D la trong tdm cua t& dién OABC. Phan tich vecto OD theo ba vecto

OA,0OB,OC.
Bai 6. Cho hinh hop OABC.DEFG. Goi | la tdm cua hinh hop.
a) Phan tich hai vecto G,E theo ba vecto ﬁ,&,@ )

b) Phan tich vecto Bl theo ba vecto FE, FG,FI.
Bai 7. Cho hinh lap phuong ABCD.EFGH.

a) Phan tich vecto AE theo ba vecto AC, AF, AH.
b) Phan tich vecto AG theo ba vecto A—C, Nf, AH.
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